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I. INTRODUCTION 



Effective field tlieories (EFTs) liave become a popular tool in particle and nuclear 
physics. An effective field theory differs from a conventional renormalizable ("funda- 
mental") quantum field theory in the following respect. In EFT, one only works at low 
energies (where "low" is defined with respect to some scale specified later) and expands 
the theory in powers of the energy /characteristic scale. In that case, renormalizability 
at all scales is not an issue and one has to handle strings of non-renormalizable interac- 
tions. Therefore, at a given order in the energy expansion, the theory is specified by a 
finite number of coupling (low-energy) constants (this allows e.g. for an order-by-order 
renormalization). All observables are parametrized in terms of these few constants and 
thus there is a host of predictions for many different processes. Obviously, at some high 
energy this effective theory fails and one has to go over to a better high energy theory 
(which again might be an EFT of some fundamental theory) . The trace of this underly- 
ing high energy theory are the particular values of the low energy constants. The EFT 
presumably studied in most detail is chiral perturbation theory (CHPT). The central 
topic of this review will be the application of this framework when nucleons (baryons) 
are present, with particular emphasis on processes with exactly one nucleon in the ini- 
tial and one nucleon in the final state. Before elaborating on these particular aspects 
of CHPT, it is useful to make some general comments concerning the applications of 
EFTs. 

EFTs come into play when the underlying fundamental theory contains massless (or 
very light) particles. These induce poles and cuts and conventional Taylor expansions in 
powers of momenta fail. A typical example is QED where gauge invariance protects the 
photon from acquiring a mass. One photon exchange involves a propagator ~ with 
t the invariant four-momentum transfer squared. Such a potential can not be Taylor 
expanded. A classic example to deal with such effects is the work of Euler and Heiscnberg 
[1.1] who considered the scattering of light by light at very low energies, cu ^ me, with 
u> the photon energy and rrie the electron mass. To calculate the scattering amplitude, 
one docs not need full QED but rather integrates out the electron from the theory. This 
leads to an effective Lagrangian of the form 



SeOTT^m^ 



{E^ - By + 7{E ■ By 



+ 



(1.1) 



which is nothing but a derivative expansion since E and B contain derivatives of the 
gauge potential. Stated differently, since the photon energy is small, the electromagnetic 
fields are slowly varying. From eq.(l.l) one reads off that corrections to the leading term 
are suppressed by powers of (a;/me)^. Straightforward calculation leads to the cross 
section (j{lv) ~ u)^ /m^. This can, of course, also be done using full QED [1.2], but the 
EFT caculation is much simpler. The results of [1.2] nicely agree with the ones making 
use of the EFT for a; <C mg. 
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A similar situation arises in QCD which is a non-abehan gauge theory of colored 
quarks and gluons, 

Cqcb = -^G«,G"^^'« + qi^D^q - qMq 

— ''-QCD + ''-QCD 

with A4 = diag(m„, m^, m^, . . .) the quark mass matrix. For the full theory, there 
is a conserved charge for every quark flavor separately since the quark masses are all 
different. However, for the first three flavors (tt, d, s) it is legitimate to set the quark 
masses to zero since they are small on a typical hadronic scale like e.g. the p-meson 
mass. The absolute values of the running quark masses at 1 GeV are ~ 5 MeV, 
md ~ 9 MeV, rus ~ 175 MeV, i.e. rUu/Mp ~ 0.006, rud/Mp ~ 0.012 and rUs/Mp ~ 0.23 
[1.3]. If one sets the quark masses to zero, the left- and right-handed quarks defined by 

9^ = ^(1-75)?, 9fl = ^(l+75)g (1-3) 

do not interact with each other and the whole theory admits an U{2>) x U{2>) symmetry. 
This is further reduced by the axial anomaly, so that the actual symmetry group of 
three flavor massless QCD is 

G = SU{2,)l X SU{Z)r X U{1)l+r (1.4) 

The U(l) symmetry related to baryon number conservation will not be discussed in any 
further detail. The conserved charges which come along with the chiral SU{?>) x SU{?>) 
symmetry generate the corresponding Lie algebra. In the sixties and seventies, manipula- 
tions of the commutation relations between the conserved vector (L+R) and axial-vector 
(L-R) charges were called "PC AC relations" or "current algebra calculations" and lead 
to a host of low energy theorems and predictions [1.4]. These rather tedious manipu- 
lations have nowadays been replaced by EFT methods, in particular by CHPT (as will 
be discussed later on). Let us come back to QCD. One quickly realizes that the ground 
state does not have the full symmetry G, eq.(1.4). If that were the case, every known 
hadron would have a partner of the same mass but with opposite parity. Clearly, this is 
in contradiction with the observed particle spectrum. Further arguments that the chiral 
symmetry is not realized in the Wigner-Weyl mode are given in section 2. The physical 
ground state must therefore be asymmetric under the chiral SU{3)l x SU{3)ii [1.5]. 
In fact, the chiral symmetry is spontaneously broken down (hidden) to the vectorial 
subgroup of isospin and hypercharge, generated by the vector currents, 

H = SU{3)l+rxU{1)l+r (1.5) 

As mandated by Goldstone's theorem [1.6], the spectrum of massless QCD must there- 
fore contain Nj — 1 = 9 — 1 = 8 massless bosons with quantum numbers = 0^ 
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(1.2) 



(pseudoscalars) since the axial charges do not annihilate the vacuum. Reality is a bit 
more complex. The quark masses are not exactly zero which gives rise to an explicit 
chiral symmetry breaking (as indicated by the term ^Cqq^, in eq.(1.2)). This is in agree- 
ment with the observed particle spectrum - there are no massless strongly interacting 
particles. However, the eight lightest hadrons are indeed pseudoscalar mesons. These 
are the pions (tt^ , tt^), the kaons {K^ , , K*^) and the eta (77). One observes that 
^ ~ which indicates that the masses of the quarks in the SU (2) subgroup 
(of isospin) should be considerably smaller than the strange quark mass. This expec- 
tation is borne out by actual calculation of quark mass ratios. Also, from the relative 
size of the quark masses 'mu,d ^ "^s one expects the chiral expansion to converge much 
more rapidly in the two-flavor case than for SU{3)f. These basic features of QCD can 
now be explored in a similar fashion as outlined before for the case of QED. 

As already noted, the use of EFTs in the context of strong interactions preceeds 
QCD. The Ward identities related to the spontaneously broken chiral symmetry were 
explored in great detail in the sixties in the context of current algebra and pion pole 
dominance [1.4,1.7]. The work of Dashen and Weinstein [1.8], Weinberg [1.9] and Callan, 
Coleman, Wess and Zumino [1.10] clarified the relation between current algebra calcula- 
tions and the use of effective Lagrangians (at tree level). However, only with Weinberg's 
[1.11] seminal paper in 1979 it became clear how one could systematically generate loop 
corrections to the tree level (current algebra) results. In fact, he showed that these 
loop corrections are suppressed by powers of (i?/A)^, with E a typical energy (four- 
momentum) and A the scale below which the EFT can be applied (typically the mass 
of the first non-Goldstone resonance, in QCD A ~ Mp). The method was systematized 
by Gasser and Leutwyler for SU{2)f in Ref.[1.12] and for SU{S)f in Ref.[1.13] and has 
become increasingly popular ever since. The basic idea of using an effective Lagrangian 
instead of the full theory is based on a universality theorem for low energy properties of 
field theories containing massless (or very light) particles. Consider a theory (like QCD) 
at low energies. It exhibits the following properties: 

• £ is symmetric under some Lie group G (in QCD: G = SU{3)l x SU{3)r). 

• The ground state |0 > is symmetric under if C G (in QCD: H = SU{3)v)- To any 
broken generator of G there appears a massless Goldstone boson (called "pion") 
with the corresponding quantum numbers (J^ = 0~ in QCD). 

• The Goldstone bosons have a finite transition amplitude to decay into the vacuum 
(via the current associated with the broken generators) . This matrix element carries 
a scale F, which is of fundamental importance for the low energy sector of the 
theory (in QCD: < 0|yl^|7r'' >= ip^5°'^F, with F the pion decay constant in the 
chiral limit). 

• There exists no other massless (strongly interacting) particles. 

• Explicit symmetry breaking (like the quark mass term in QCD) can be treated in 
a perturbative fashion. 
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• Matter fields (such as the spin-1/2 baryons) can be incorporated in the EFT ac- 
cording to the strictures of non-hnearly reahzed chiral symmetry. However, special 
care has to be taken about their mass terms (see below). 

Now any theory with these properties looks the same (in more than two space-time 
dimensions). This means that to leading order the solution to the Ward identities 
connected to the broken symmetry is unique and only contains the scale F. Thus, the 
EFT to lowest order is uniquely fixed and it is most economical to formulate it in terms 
of the Goldstone fields [1.14]. In fact, one collects the pions in a matrix-valued function 
(generally denoted 't/') which transforms linearly under the full action of G. In QCD, 
a popular choice is U{x) — exp[iA"7r"(x)/F] with X"' { a = 1,...,8) the Gell-Mann 
matrices and U'{x) — RU{x)L^ under chiral SU{3)l x SU{3)ii (with L, R an element of 
SU{3)l^ii). Accordingly, the pion fields transform in a highly non-linear fashion. This 
is a characteristic feature of EFTs. 

The inclusion of the lowest-lying baryon octet in the EFT of the strong interactions 
again preceeds QCD, see e.g. [1.4, 1.7-1. 11]. However, the first systematic analysis of 
QCD Green functions and current matrix-elements due to Gasser, Sainio and Svarc is 
much more recent [1.15]. They showed that the fully relativistic treatment of the spin- 
1 /2 matter fields (the nucleons) spoils the exact one-to-one correspondence between the 
loop expansion and the expansion in small momenta and quark masses. This can simply 
be understood from the fact that the nucleon mass m does not vanish in the chiral limit 
and thus an extra scale is introduced into the problem. Stated differently, nucleon four- 
momenta can never be small.* This problem was overcome by Jenkins and Manohar 
[1.16] who used methods borrowed from heavy quark EFT to eliminate the troublesome 
baryon mass term. This amounts to considering the baryons as very heavy, static sources. 
Consequently, all the mass dependence is shuffled into a string of interaction vertices 
with increasing powers of 1/m and a consistent power counting scheme emerges. In this 
review, we wish to summarize the developments which have taken place over the last few 
years, with particular emphasis on the two-flavor sector and processes with one nucleon 
line running through the pertinent Feynman diagrams. To our opinion, these are the best 
studied processes from the theoretical as well as from the experimental side. However, 
there has also been considerable activity concerning processes involving two (or more) 
nucleons starting from the work of Weinberg [1.17] plus extensions to the three-flavor 
case, dense matter and much more. To summarize the present state of the art, we believe 
that to rigorously test the consequences of the spontaneous chiral symmetry breaking of 
QCD in nucleon and nuclear studies, calculations to order 0(£^^/A^) are mandatory in 
many cases. On the experimental side, the advances in machine and detector technology 
have lead, are leading and will lead to many more data of unprecedented accuracy. These 
will serve as a good testing ground of the chiral structure of QCD. 

* In ref.[1.15], the two-flavor case was considered. However, the problems related to the 
non-vanishing mass in the chiral limit generalize straightforwardly to flavor SU(3). In this 
introduction, we therefore casually switch between the terms 'nucleon' and 'baryon'. 
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Another non-perturbative method which is much used in studying baryon prop- 
erties at low energies is lattice gauge theory (LGT). To our opinion, LGT has not yet 
reached a sufficient accuracy to describe dynamical processes such as pion production or 
Compton scattering in the non-perturbative regime. However, we would like to stress 
that one should consider these methods as complementary. For example, one hopes 
that in the not too distant future LGT will significantly contribute by supplying e.g. 
numerical values for the pertinent low-energy constants. 

The material is organized as follows. In section 2, we give an elementary introduc- 
tion to chiral symmetry, discuss three-flavor QCD and give a brief account of CHPT 
for the meson sector. We also show how one can model the Goldstone pion in a quark 
model language. Section 3 contains the basic discussion of the pion-nucleon Lagrangian, 
its construction, the extreme non-relativistic limit and the renormalization procedure 
to order E^. We give a complete list of the numerical values of the low-energy constants 
for the next-to-leading order effective Lagrangian and summarize to what extent 
these values can be understood from a resonance exchange picture. The inclusion of the 
spin-3/2 decuplet, i.e. the A(1232), as an active degree of freedom in the EFT is crit- 
ically examined. Applications to pion-nucleon scattering and the reaction ttN ttttN 
are also discussed. Section 4 is devoted to the nucleon as probed by electroweak cur- 
rents. We discuss in detail such topics as the electromagnetic form factors, Compton 
scattering, axial properties and, furthermore, single and double pion production with 
real and virtual photons as well as W-bosons. Together with section 3, this is the main 
body of the work presented in this review. Section 5 contains the extensions to systems 
with two and more nucleons. Here, a complication arises due to the appearance of IR 
divergences in reducible diagrams which leads to a modiflcation of the power counting 
scheme. This is discussed in some detail and the pertinent method of applying the 
chiral power counting only to the irreducible diagrams together with the solution of a 
Schrodinger or Lippmann-Schwinger equation to generate the S-matrix is then applied 
to the potential between two, three and four nucleons. Since the construction of the NN- 
potential from the chiral Lagrangian involves a large number of low-energy constants, 
it appears to be favorable for certain applications to supply as much phenomenological 
input as possible, i.e. by taking the two-body pion-nucleon and the nucleon-nucleon in- 
teraction suitably parametrized from phenomenology. The chiral machinery is then used 
to provide the remaining three-body forces. As an example pion-deuteron scattering is 
discussed. Similarly, in the description of the meson exchange currents it is argued that 
the nuclear short-range correlations indeed suppress the badly known contact terms 
thus leading to a more predictive scheme than for the NN-potential. Section 6 contains 
extension to the three-flavor sector, kaon-nucleon scattering, the density-dependence 
of pion properties in matter and gives a summary of topics not treated in detail. Many 
of these developments are only in their infancy and we therefore have decided more to 
highlight the weak points than to give any details. However, the reader is supplied with 
sufficiently many references on these topics to get a more detailed (and eventually less 
biased) picture. The appendices contain various technicalities such as a summary of the 
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pertinent Feynman rules or the definition of loop functions which are needed for actual 
calculations. To keep the sections self-contained, the relevant references are given at 
the end of each section. 
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II. CHIRAL SYMMETRY OF THE STRONG INTERACTIONS 

In this section, we first discuss chiral symmetry on an elementary level. We extend 
these considerations to three-flavor QCD and the formulation of its effective low-energy 
field theory in terms of the Goldstone bosons related to the spontaneous chiral symmetry 
breaking. We also outline briefly how the structure of the pion can be modeled in a four- 
quark interaction cut-off theory of the Nambu-Jona-Lasinio type. 

II. 1. ELEMENTARY INTRODUCTION TO CHIRAL SYMMETRY 

Before discussing full QCD, let us give a few very introductory remarks about chiral 
symmetry. The reader familiar with this concept is invited to skip this section. To be 
speciflc, consider a free and massless spin-1/2 (Dirac) fleld, 

= W^f.d"'^ (2.1) 

The state of a free relativistic fermion (of arbitrary mass) is completely characterized 
by its energy E, its momentum p and its helicity h = a ■ p/\p\. For massless fermions 
helicity is identical to chirality with 75 the chirality operator (one speaks of chirality 
related to the greek word for " hand" ) . Let us decompose the spinor into a right- and a 
left-handed component, 

* = ^(1-75)* + ^(1 + 75)* 
= Pl"^ + Pr^ 

Obviously, the operators Pl,r are projectors. 

Pi = Pl, Pi = Pr, Pl-Pr = 0,Pl + Pr = 1 

with the property* 

^h^L,R = ±l^L,R (2.3) 

This shows that the states ^l,r are helicity eigenstates. In terms of these flelds, the 
Lagrangian (2.1) takes the form 

C[^L, "^rI = i^Ll^d^'^L + ^^R7^^^''<^fR (2.4) 

One notices that the left- and right-handed fermion modes do not communicate. Stated 
differently, one can apply separate U{1)l^r transformations which leave the Lagrangian 
invariant, 

^^^e'^^^L, ^R^e'^^^R (2.5) 
* For a massive fermion, the Pl,r are still projectors but do not yield exactly the helicity. 
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(2.2) 



(2.3) 



leading to conserved left- and right-handed currents, 



J^^tn^*,, / = L,i? (2.6) 

with 

a^JM.J = 0, I = L,R (2.7) 
Equivalently, one can construct conserved vector and axial-vector currents, 



= ^7^75*, d^A'' = 



(2.8) 



since Jl,r = {V±A)/2. To reiterate, chiral symmetry means that for massless fermions 
chirality is a constant of motion. A fcrmion mass term explicitely breaks this symmetry 
since it mixes the left- and right-handed components, 

^fM-^ ^-^lM-^r + ^rM-^l (2.9) 

To make chiral symmetry a viable concept for massive fermions, the corresponding 
eigenvalues of the mass matrix have to be small compared to a typical energy scale 
of the system under consideration. As an example, we will now consider the case of 
three-flavor Quantumchromodynamics (QCD). 

II.2. THREE-FLAVOR QCD 

The standard model of the strong, electromagnetic and weak interactions involves 
three generations of fermion doublets, alas six different quark flavors. Prom these six 
quark types, three are labelled 'light' (w, d, s) and the other three 'heavy' (c, 6, t). Here 
light and heavy refers to a typical hadronic scale Mh ~ 1 GeV. In fact, rric > Mh and 
rrih^t » Mh whereas typical values of the light quark masses at a renormalization point 
of i GeV are [2.1] 

md = 5±2MeV, md = 9±3MeV, ms = 175±55MeV (2.10) 

Note that there exist some controversy about these values, for reviews with detailed 
references see e.g. [2.2,2.3,2.4]. In the three-flavor sector, the QCD Lagrangian takes 
the form 

Cqcb = -^Gl^G^^^'^ + qiY{d^ - iG,)q - qMq - ^G^^G'^-'" (2.11) 

with q^ [x) — {u{x), d{x), s{x)), the gluon field, G^j, the corresponding field strength 
tensor and G^n^a = ^^^va/sG^^ its dual. The last term in (2.11) is related to the strong 



9 



CP-problem. In what follows, we will set = 0. The quark mass matrix can be chosen 
to be diagonal, 

M = diag(m^t, md, nis) (2-12) 

In (2.11), we have not made explicit the generators related to the local SU{3)coiour 
transformations. Prom the chiral symmetry point of view we rewrite (2.11) as 

>Cqcd = JC^qcd - qMq (2.13) 

and vCqqq is invariant under the global transformations of the group 

g = SU{3)l X SU{3)r X U{l)v X U{1)a (2.14) 

Projecting onto left- and right-handed quark fields, qL,R = (1/2)(1 =F75)?, these trans- 
form under the chiral group SU{3)l x SU{3)r as 

QL^e'^'^^qL, qR^e''' ''^qR, a=l,...,8 (2.15) 

with the generators (a=l,. . .,8) given in terms of the Gell-Mann SU(3) matrices via 
T'^ = A"/2 with Tr (TT'') = 5''^/2. In what follows, we will not be concerned with the 
vectorial U{1) symmetry related to the baryon current q'^^q and the anomalous U{1)a 
current. It is believed that the axial U{1) is broken by instanton effects [2.5]. To the 
global SU{3)l X SU{3)r symmetry of Cqq^ one associates 16 = 2{Nj — 1) conserved 
currents, 

V^ = q^,Ty, a^F'^'« = 
= qi^l^T'^q, d^A^'- = 
with the corresponding conserved charges 



Q-y = J d'xV^ix), 
Q\ = j d'xA},{x), ^ = 



(2.17) 



Of course, in the presence of quark mass terms, this symmetry is explicitely broken. 

One might now ask the question whether this chiral symmetry is also manifest 
in the ground state or the particle spectrum of QCD? In fact, there are numerous 
indications that this is not the case. The realization of the chiral symmetry in the 
Wigner mode (i.e. all generators defined in (2.17) annihilate the vacuum) would lead 
to degenerate hadron doublets of opposite parity in plain contradiction to the observed 
spectrum. Furthermore, in the Wigner phase the vector-vector and axial-vector-axial- 
vector correlators in the ground state would be equal, 

< 0\V^{x)V,\y)\0 > = < 0\A;{x)Al{y)\0 > . (2.18) 



10 



These correlators can be extracted from r decay data, r i^r + nir (n = 1,2,...) 
with n even (odd) containing the information about the VV (AA) correlation function. 
As shown in refs.[2.6], the VV correlator strongly peaks around s ~ 0.5 GeV^ ~ 
whereas the A A correlator has a broad maximum around s ~ 1.5 GeV^ ~ -^Ij- Prom 
that and the approximate flavour SU(3) symmetry of the hadron spectrum we conclude 
that the chiral symmetry is spontaneously broken down to its vectorial subgroup, 

SU{3)l X SU{3)r ^ SU{3)v (2.19) 

with the appearance of Nj — 1 = 8 massless pseudoscalar mesons, the Goldstone bosons 
[2.7]. These are the analog to the spin waves in a ferromagnet which underwent spon- 
taneous magnetization (thus breaking the rotational symmetry of the magnet Hamilto- 
nian). In nature, however, these Goldstone bosons are not exactly massless but acquire 
a small mass due to the explicit symmetry breaking from the quark masses, Mj, ~ M., 
where P is a generic symbol for the three pions, the four kaons and the eta. From the 
sytematics of the hadron spectrum, — ^ we can immediately conclude that 
rus 3> md — ruu since the pions do not contain any strange quarks. These Goldstone 
bosons are in fact the lightest observed hadrons and they saturate the pertinent Ward 
identities of the strong interactions at low energies. To calculate QCD Green functions 
in the non-perturbative regime, one therefore makes use of an effective field theory 
(EFT) with the pseudoscalar mesons as the relevant degrees of freedom. The essential 
feature which makes this EFT amenable to a systematic perturbative expansion is the 
fact that the interaction between the Goldstone bosons at low energies is weak. To be 
more precise, consider the elastic scattering process 7r"''7r° — > 7r"''7r° (for massless pions) 
[2.8] 

T(7r+7r° ^ tt+tt") = ^ (2.20) 

with t the invariant four-momentum transfer squared. Indeed, as t approaches zero, the 
Goldstone boson interaction vanishes. This fact is at the heart of the systematic low 
energy expansion in terms of small momenta and quark masses - chiral perturbation 
theory (CHPT) - as discussed in some detail in the next section. For a more detailed 
account see e.g. the monograph [2.9], the original papers by Gasser and Leutwyler [2.10] 
or the review [2.3]. 

II.3. CHIRAL PERTURBATION THEORY 

In this section, we briefly review how to construct the effective chiral Lagrangian 
of the strong interactions at next-to-leading order, following closely the work of Gasser 
and Leutwyler [2.10]. It is most economical to use the external held technique since 
it avoids any complication related to the non-linear transformation properties of the 
pions. The basic objects to consider are currents and densities with external flelds 
coupled to them [2.11] in accordance with the symmetry requirements. The associated 
Green functions automatically obey the pertinent Ward identities and higher derivative 
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terms can be constructed systematically. The S-matrix elements for processes involving 
physical mesons follow then via standard LSZ reduction. To be specific, consider the 
vacuum-to-vacuum transition amplitude in the presence of external fields 

^iZ[v,a,s,p\ ^< Q ^^^|Q (2.21) 

based on the QCD Lagrangian 

>C = >C° CD + Qil'^v^ix) + ^''-f^a^{x))q - q{s{x) - ip{x))q (2.22) 

The external vector {v^), axial-vector (a^), pseudoscalar (p) and scalar (s) fields are 
hermitean 3x3 matrices in flavor space. The quark mass matrix M. (2.12) is contained 
in the scalar field s{x). The Green functions of massless QCD are obtained by expanding 
the generating functional around v^ — a^ = s= p = Q. For the real world, one has to 
expand around f ^ = = p = , s{x) = M.. The Lagrangian C is invariant even under 
local SU{3) X SU (3) chiral transformations if the quark and external fields transform as 
follows: 

q'r^Rq ; <i'l = Lq 

v' + a' = R{va + aa)R^ + iRd.B) 
r r ^ ^ (2.23) 

s' + ip' = R(s + ip)L'f 

with L,i? elements of SU{3)l,r (in general, these are elements of ^7(3)^ /2, but we 
already account for the axial anomaly to be discussed later). The path integral repre- 
sentation of Z reads: 

^iZ[v,a,s,p] ^ J ^j^Q^^ [^^1 J id^x£(g,g,G^. ; v,a,s,p) (2.24) 

It allows one to make contact to the effective meson theory. Since we are interested 
in processes were the momenta are small (the low energy sector of the theory), we can 
expand the Green functions in powers of the external momenta. This amounts to an 
expansion in derivatives of the external fields. This low energy expansion is not a simple 
Taylor expansion since the Goldstone bosons generate poles at q'^ = (in the chiral 
limit) or q'^ = (for finite quark masses). The low energy expansion involves two 
small parameters, the external momenta q and the quark masses Ai (or the Goldstone 
masses M^r, Mk, M^). One expands in powers of these with the ratio M./q^ fixed. The 
effective meson Lagrangian to carry out this procedure follows from the low energy 
representation of the generating functional 

QiZ[v,a,s,p\ _ J ^J^lf^Qj id^xCe{t(U ■,v,a,s,p) (2.25) 
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where the matrix U coUects the pseudoscalar Goldstone fields. The low energy expansion 
is now obtained from a perturbative expansion of the meson EFT, 

Cefi = + ... (2.26) 

where the subscript (n = 2, 4, . . .) denotes the low energy dimension (number of deriva- 
tives and/or quark mass terms). Let us now discuss the various terms in this expansion. 
The leading term (called £2) in the low energy expansion (2.26) can easily be written 
down in terms of the mesons which are described by a unitary 3x3 matrix in flavor 
space, 

U^U = 1 , detC/ = 1 (2.27) 

The matrix U transforms linearly under chiral symmetry, U' = RUL"^ . The lowest order 
Lagrangian consistent with Lorentz invariance, chiral symmetry, parity, G-parity and 
charge conjugation reads [2.10] 

C2 = |Tr [V^t/t V^t/ + x^U + xU^] } (2.28) 

The covariant derivative V transforms linearly under chiral SU{2>) x SU{2>) and con- 
tains the couplings to the external vector and axial fields, 

V^C/ = d^U - i{v^ + a^)U + iU{v^ - a^) (2.29) 

The field x embodies the scalar and pseudoscalar externals, 

X = 2B{s + ip) (2.30) 

There are two constants appearing in eqs. (2.28,2.30). The scale F is related to the 
axial vector currents, = —Fd^n"' + . . . and thus can be identified with the pion 
decay constant in the chiral limit, F = Ft^{1 + 0{M.)}, by direct comparison with the 
matrix-element < OI^^Itt^ >= ip^d^'^F* The constant B, which appears in the field 
X, is related to the explicit chiral symmetry breaking. Consider the symmetry breaking 
part of the Lagrangian and expand it in powers of the pion fields (with p = 0, s = 
so that X = 25 Al) 

£P = ^-F'BTt[M{U + t/t)] = (m, + ma)B[F' -^ + ^+ 0{n')] + . . . (2.31) 

where the ellipsis denotes the contributions for the kaons and the eta. The first 
term on the right hand side of eq.(2.31) is obviously related to the vacuum energy, 

* Strictly speaking the axial-axial correlator in the vacuum has a pion pole term with 
its residuum given by F.,^. 
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while the second and third are meson mass and interaction terms, respectively. Since 
dHQCD/dniq = qq it follows from (2.31) that 

< 0\uu\0 >=< 0\dd\0 >=< 0|ss|0 >= -F^B{1 + 0{M)} (2.32) 

This shows that the constant B is related to the vev's of the scalar quark densities 
< 0|gg|0 >, the order parameter of the spontaneous chiral symmetry breaking. The 
relation (2.32) is only correct modulo higher order corrections in the quark masses as 
indicated by the term 0{Ai). One can furthermore read off the pseudoscalar mass terms 
from (2.31). In the case of isospin symmetry (m^ = = rh), one finds 

= 2mB{l + 0{M)} = M^{1 + 0{M)} 



o 



2 



M^ = (m + ms)B{l + 0{M)} = M^{1 + 0{M)} (2.33) 

M2 = ^(m + 2ms)B{l + 0{M)} = mJ{1 + 0{M)} 
o 

o 

with Mp denoting the leading term in the quark mass expansion of the pseudoscalar 

o o 2 o 2 o 2 

meson masses. For the Mp, the Gell-Mann-Okubo relation is exact, 4M ^ = Af^+3M^. 
In the case of isospin breaking, which leads to tt'^ — 77 mixing, these mass formulae are 
somewhat more complicated (see e.g. ref.[2.10]). Eq.(2.33) exhibits nicely the Goldstone 
character of the pions - when the quark masses are set to zero, the pseudoscalars are 
massless and SU (3) x SU (3) is an exact symmetry. For small symmetry breaking, the 
mass of the pions is proportional to the square root of the symmetry breaking parameter, 
i.e. the quark masses. From eqs.(2.31) and (2.33) one can eliminate the constant B and 
gets the celebrated Gell-Mann-Oakes-Renner [2.12] relations 

F^M^ = -2m < 0\uu\0 > +0{M^) 

F^M^ = -{m + m,) < 0\uu\0 > +0{M^) (^2.34) 
F^M^ = -|(m + m^) < 0\uu\0 > +0{M'^) 

where we have used Fp — F{1 + 0{A4)} {P — it, K, rj), i.e. the differences in the 
physical decay constants F-^- 7^ Fk 7^ -Fjj appear in the terms of order M.^ in eq.(2.34). 
From this discussion we realize that to leading order the strong interactions are char- 
acterized by two scales, namely F and B. Numerically, using the QCD sum rule value 
< Olw-ulO >= (-225 MeV)3 one has F ~ ~ 93 MeV and B ~ 1300 MeV. The large 
value of the ratio B/F ~ 14 has triggered some investigations of alternative scenarios 
concerning the mode of quark condensation [2.13]. 

One can now calculate tree diagrams using the effective Lagrangian C2 and derive 
with ease all so-called current algebra predictions (low energy theorems). Current al- 
gebra is, as should have become evident by now, only the first term in a systematic 
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low energy expansion. Working out tree graphs using £2 can not be the whole story - 
tree diagrams are always real and thus unitarity is violated. One has to include higher 
order corrections to cure this. To do this in a consistent fashion, one needs a counting 
scheme. The leading term in the low energy expansion of £efr (2.26) was denoted Li 
because it has dimension (chiral power) two. It contains two derivatives or one power 
of the quark mass matrix. If one assumes the matrix U to be order one, U — 0(1), 
a consistent power counting scheme for local terms containing [/, d^TJ , v^, a^, s, p, 
. . . goes as follows. Denote by g a generic small momentum (for an exact definition of 
'small', see below). Derivatives count as order q and so do the external fields which 
occur linearly in the covariant derivative V^C/. For the scalar and pseudoscalar fields, 
it is most convenient to book them as order . This can be traced back to the fact that 
the scalar field s{x) contains the quark mass matrix, thus s{x) ~ ~ ~ g^. With 
these rules, all terms appearing in (2.28) are of order g^, thus the notation £2 (notice 
that a term of order one is a constant since U'^U — \ and can therefore be disregarded. 
Odd powers of g clash with parity requirements). To summarize, the building blocks of 
all terms containing derivatives and/or quark masses have the following dimension: 

s{x) , p{x) , F^^^ix) = 0{q') 
where we have introduced the field strengths F^^)^ for later use. They are defined via 

= d^Fl - d.Fl - i[Fl, Fl] , I = L,R 



(2.36) 



As already mentioned, unitarity calls for pion loop graphs. Weinberg [2.14] made the 
important observation that diagrams with n (n = 1, 2, . . .) meson loops are suppressed 
by powers of (g^)"^ with respect to the leading term. His rather elegant argument goes 
as follows. Consider the S-matrix for a reaction involving N^. external pions 

S = 5{pr+p2 + ...+pN^M (2.37) 

with M the transition amplitude. Now M depends on the total momentum flowing 
through the amplitude, on the pertinent coupling constants g and the renormalization 
scale jjL (the loop diagrams are in general divergent and need to be regularized*), 

M = Miq, g, fi)^ q^'fiq/fi , g) (2.38) 



* It is advantegoeus to use dimensional regularization since it that case one avoids the 
appearance of power-law divergences. 
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with the total scahng dimension D of M given by [2.14] 

D ^2 + J2Nd{d-2) + 2Nl . (2.39) 

d 

Here, Nl is the number of pion loops and A^^ the number of vertices with d derivatives 
(or quark mass insertions) . The dominant graphs at low energy carry the smallest value 
of D. The leading terms with d = 2 scale like at tree level {Nl = 0), like q'^ at one 
loop level {Nl = 1) and so on. Higher derivative terms with d = 4 scale as at tree 
level, as at one-loop order etc. This power suppression of loop diagrams is at the 
heart of the low energy expansion in EFTs like e.g. chiral perturbation theory (CHPT). 

Up to now, we have been rather casual with the meaning of the word "small". 
By small momentum or small quark mass we mean this with respect to some typical 
hadronic scale, also called the scale of chiral symmetry breaking (denoted by A^). Gcorgi 
and Manohar [2.15] have argued that a consistent chiral expansion is possible if < 
47rF^ ~ 1 GeV. Their argument is based on the observation that under a change of the 
renormalization scale of order one typical loop contributions (say to the tttt scattering 
amplitude) will correspond to changes in the effective couplings of the order F^/A'^ ~ 
l/(47r)^. Setting A^^ = AnF-,^ and cutting the logarithmically divergent loop integrals at 
this scale, quantum corrections are of the same order of magnitude as changes in the 
renormalized interaction terms. The factor (47r)^ is generic for one-loop integrals (in 
3+1 dimensions). Another type of argument is related to the non-Goldstone spectrum. 
Consider tttt scattering in the I = J = 1 channel. There, at ^/i = 770 MeV, one hits 
the p-resonance. This is a natural barrier to the derivative expansion of the Goldstone 
mesons and therefore serves as a cut off. The appearance of the p signals the regime 
of the non-Goldstone particles and describes new physics. It is therefore appropriate 
to choose A^ ~ Mp ~ 770 MeV, which is not terribly different from the previous 
estimate. In summary, small external momenta q and small quark masses A4 means 
q/Mp < 1 and M/Mp < 1 . 

We have now assembeld all tools to discuss the generating functional Z at next-to- 
leading order, i.e. at 0{q'^). It consists of three different contributions: (1) The anomaly 
functional is of order (it contains four derivatives). We denote the corresponding 
functional by Z^- The explicit construction was given by Wess and Zumino [2.16] and 
can also be found in ref.[2.10]. A geometric interpretation is provided by Witten [2.17]. 
(2) The most general effective Lagrangian of order q'^ which is gauge invariant. It leads 
to the action Z2 + Z^ = J d'^xC2 + / d^xC4^. (3) One loop graphs associated with the 
lowest order term, £2- These also scale as terms of order q^. 

Let us first discuss the anomaly functional Zj\. It subsumes all interactions which 
break the intrinsic parity and is responsible e.g. for the decay tt^ — > 27. It also generates 
interactions between five or more Goldstone bosons [2.17]. In what follows, we will not 
consider this sector in great detail (for a review, see ref.[2.18]). 

What is now the most general Lagrangian at order q^l The building blocks and their 
low energy dimensions were already discussed - we can have terms with four derivatives 
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or with two derivatives and one quark mass or with two quark masses (and, correspond- 
ingly, the other external fields). In SU{3), the only invariant tensors are ^f^j/ and e^yapi 
so one is left with (imposing also P, G and gauge invariance) [2.10] 

10 2 

U^Y.^^P^ + Y.^^Pj (2-40) 

i=l j=\ 

with 

Pi = Tr (y^U^V^Uf, P2 = Tr {V^U^V^) Tr (V^t/^V^t/) 

P3 = Tr iy^'U^V^UV'U^W^U), P4 = Tr {V^U^V ^U) Tr{x^U + xU^) 

P,= Tt{V^UW^U){x^U + xU^), P6 = [Tr{x^U + xU^)]^ 

Pr=[Tv{x^U-xU^)]\ Ps=TT{x^Ux^U + xUhU^) (2-41) 

Pio = Tr {U^F^^^UF^'^") 

P^=Tt (F^LF^''^^ + F/^^F'^'n, P2 = Tr (x^x) 

For the two fiavor case, not all of these terms are independent. The pertinent effec- 
tive Lagrangian is discussed in ref.[2.10]. The first ten terms of (2.40) are of physical 
relevance for the low energy sector, the last two are only necessary for the consistent 
renormalization procedure discussed below. These terms proportional to Pj{j = 1, 2) 
do not contain the Goldstone fields and are therefore not directly measurable at low en- 
ergies. The constants Li (z = 1, . . . , 10) appearing in (2.40) are the so-called low-energy 
constants. They are not fixed by the symmetry and have the generic structure 

Li = Ll + I}^' (2.42) 

These constants serve to renormalize the infinities of the pion loops {L^^^) and the 
remaining finite pieces (L^) have to be fixed phenomenologically or to be estimated by 
some model (see below). It should be noted that a few of the low-energy constants are 
in fact finite. At next-to-leading order, the strong interactions dynamics is therefore 
determined in terms of twelve parameters - B, F, Li, . . ., Lio (remember that we have 
disregarded the singlet vector and axial currents). In the absence of external fields, only 
the first three terms in (2.40) have to be retained. 

Finally, we have to consider the loops generated by the lowest order effective La- 
grangian. These are of dimension q'^ (one loop approximation) as mandated by Wein- 
berg's scaling rule. To evaluate these loop graphs one considers the neighbourhood 
of the solution U{x) to the classical equations of motion. In terms of the generating 
functional, this reads 




(2.43) 
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The bar indicates that the Lagrangian is evaluated at the classical solution. According 
to the chiral counting, in the second factor of (2.43) only the term Li is kept. This leads 
to 

Z = y d^x{Li + £4) + ^IndetL* (2.44) 

The operator D is singular at short distances. The ultraviolet divergences contained in 
In detD can be determined via the heat kernel expansion. Using dimensional regulariza- 
tion, the UV divergences in four dimensions take the form 

1 1 . ,1.2 1 



The explicit form of the operators a and V can be found in ref.[2.10]. Using their ex- 
plicit expressions, the poles in IndetD can be absorbed by the following renormalization 
of the low energy constants: 

Li = L[ + r,L, i = l,...,10 

(2.46) 

Hj = m + rjL, j = l,2 



with 



167r2 



^ ^'"'{^-^[i^(47r) + r'(i) + i]} 



(2.47) 



3 3 1 

^^-32' ^^-16' ^^-8' 

Tg-^, Tio--^, Ti---, r2--, 

and A is the scale of dimensional regularization. The q'^ contribution + Zi_ioop is 
finite at d = 4 when expressed in terms of the renormalized coupling constants and 
H^. The next step consists in the expansion of the differential operator D in powers 
of the external fields. This gives the explicit contributions of the one-loop graphs to a 
given Green function. The full machinery is spelled out in Gasser and Leutwyler [2.10]. 
In general, one groups the loop contributions into tadpole and unitarity corrections. 
While the tadpoles contain one vertex and one loop, the unitarity corrections contain 
one loop and two vertices. The tadpole contributions renormalize the couplings of 
the effective Lagrangian. Both of these loop contributions also depend on the scale of 
dimensional regularization. In contrast, physical observables are A-independent. For 
actual calculations, however, it is sometimes convenient to choose a particular value of 
A, say, A = or A = Mp. To one-loop order, the generating functional therefore takes 
the form 

-2one— loop 

(2.48) 
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and what remains to be done is to determine the values of the renormahzed low energy 
constants, L'^{i = 1, . . ., 10). These are in principle calculable from QCD, they depend 
on Aqcd and the heavy quark masses 

LI = m^QCB ; mc,mb, mt) (2.49) 

In practice, such a calculation is not feasible. One therefore resorts to phenomenology 
and determines the L\ from data. However, some of these constants are not easily 
extracted from empirical information. Therefore, one uses constraints from the large 
Nc world. Using this and experimental information from tttt scattering, Fk/F-jj-, the 
electromagnetic radius of the pion and so on, one ends up with the values for the 
L\{\ = M^) given in table 1 (large Nc arguments are used to estimate Li , L4 and 
Lq ). For comparison, we also give the values at A = Mp. More accurate data will 
allow to further pin down this quantity. In the case of SU{2), one can define scale- 
independent couplings £i (i = 1, . . . , 7). These are discussed in ref.[2.10]. Can one now 
understand the values of the L[ from some underlying principles? Already in their 1984 
paper, Gasser and Leutwyler [2.10] made the following observation. They considered an 
effective theory of p mesons coupled to the pseudoscalars. Eliminating the heavy field 
by use of the equations of motion in the region of momenta much smaller than the p 
mass, one ends up with terms of order q'^. The values of the corresponding low energy 
constants are given in terms of Mp and the p-meson coupling strengths to photons and 
pions. This leads to a fair description of the SU(2) low energy constants. This method 
has been generalized by Ecker et al. [2.19] and by Donoghue et al. [2.20]. They consider 
the lowest order effective theory of Goldstone bosons coupled to resonance fields (R). 
These resonances are of vector (V), axial-vector (A), scalar (S) and non-Goldstone 
pseudoscalar (P) type. For the latter category, only the r]' is of practical importance. 
The form of the pertinent couplings is dictated by chiral symmetry* in terms of a few 
coupling constants which can be determined from data (from meson-meson and meson- 
photon decays). At low momenta, one integrates out the resonance fields. Since their 
couplings to the Goldstone bosons are of order g^, resonance exchange produces terms 
of order and higher. Symbolically, this reads 

j [dR]e^^{^ J d^xCes[U,R]^ =exp^i J d^x£eff[t^]^ (2.50) 

So to leading order (g^), one only sees the momentum-independent part of the resonance 
propagators, 

1 1 t 



1 + 77^ (2-51) 



For the vectors and axials, this naturally leads to the tensor-field formulation. 
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and thus the L^(A ~ Mr) can be expanded in terms of the resonance couphng constants 
and their masses. This leads to 

LIW- E Lf^' + L^W (2-52) 

R^V,A,S,P 

with Li{X) a remainder. For this scenario to make sense, one has to choose A somewhere 
in the resonance region so that one can neglect the remainder. A preferred choice is 
A = Mp (as shown in Ref. [2.19], any value of A between 500 MeV and 1 GeV does the 
job). In table 1, we show the corresponding values for all low energy constants estimated 
from resonance exchange. It is apparent that the resonances almost completely saturate 
the L[, with no need for additional contributions. This method of estimating L[ is 
sometimes called QCD duality or the QCD version of VMD. In fact, it is rather natural 
that the higher lying hadronic states leave their imprints in the sector of the light 
pseudoscalars - as already stated, the typical resonance mass is the scale of new physics 
not described by the Goldstone bosons. 



i 




L\{Mp) 




1 


0.9 ±0.5 


0.7 ±0.5 


0.6 


2 


1.6 ±0.4 


1.2 ±0.4 


1.2 


3* 


-3.6 ±1.3 


-3.6 ±1.3 


-3.0 


4 


0.0 ±0.5 


-0.3 ±0.5 


0.0 


5 


2.2 ±0.5 


1.4 ±0.5 


1.4 


6 


0.0 ±0.3 


-0.2 ±0.3 


0.0 




-0.4 ±0.15 


-0.4 ±0.15 


-0.3 


8 


1.1 ±0.3 


0.9 ±0.3 


0.9 


9 


7.4 ±0.2 


6.9 ±0.2 


6.9 


10 


-5.7 ±0.3 


-5.2 ±0.3 


-6.0 



Table 1: Low-energy constants for SU{3)l x SU{3)r. The first two columns 
give the phenomeno logically determined values at A = and A = Mp. The 
L^(i = 4, . . ., 8) are from ref.[2.10], the Lg iq from ref.[2.21] and the L'[2 3 from 
the recent determination in ref. [2.22]. The denotes the constants which are 
not renormalized. The third column shows the estimate based on resonance 
exchange [2.19]. 
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In CHPT, the structure of any particle is made up by pion loops and higher reso- 
nance contributions encoded in the low-energy constants. As an example, consider the 
pion charge form factor. To lowest (tree) order, it is simply equal to unity as demanded 
by gauge invariance. At next order in the chiral expansion, loops and counterterms 
build up the pion radius, with the lions share due to one counterterm (Lg) which is 
saturated by vector meson exchange. At yet higher orders, one consistently sees more of 
the energy dependence of the pion form factor. However, in this perturbative approach 
one does not get the p resonance (or similar effects in other channels). That is the 
reason why we argued that the scale of the resonance masses sets a natural cut off to 
the range of applicability of CHPT in the meson sector. A more detailed account of 
this and the many applications of CHPT can be found in the reviews [2.2,2.3,2.18,2.22] 
and the connection of the effective Lagrangian to the QCD Ward identities is elaborated 
on in rcf. [2.24]. Before considering now the inclusion of matter fields in CHPT, let us 
briefly discuss the structure of the pion from a quark model point of view. 

II.4. MODELLING THE PION 

To investigate the formation of vacuum condensates and the generation of mass, 
Nambu and Jona-Lasinio [2.25] proposed a model with a Heisenberg-type four nucleon 
interaction in close analogy to developments in superconductivity. One can extend this 
approach to QCD where in the phase of the spontaneously broken chiral symmetry 
a scalar quark condensate forms and the quarks acquire a finite constituent mass of 
the order of a few hundreds of MeV.* The pion as the Goldstone boson appears as a 
collective quark-antiquark mode. To discuss these features in some detail, we follow 
closely the work of ref.[2.26]. Consider the two-flavor NJL Lagrangian for massless 
quarks interacting via a contact force, 

>Cnjl = V^^M^'^V' + G [{i^^Y - {^i^T^f] (2.53) 

Here, G is a positive coupling strength with the dimension of a squared length. The 
Lagrangian (2.53) is obviously invariant under chiral SU{2)l x SU{2)^. It can be 
thought as a minimal effective Lagrangian mimicking some basic properties of non- 
perturbative QCD in the long-wavelength limit. One now solves the Dyson equation for 
the self-energy S and identifies E with the mass M which is dynamically generated by 
the self-interactions. The resulting self-consistent equation relates M and the coupling 
G. It has a trivial solution M = which corresponds to the ordinary perturbative 

* These constituent masses should not be confused with the fundamental mass param- 
eters (current quark masses) entering the QCD Lagrangian. It should be stressed that the 
notion of a constituent quark is model-dependent but helps to understand qualitatively 
many features of the hadron properties. 



21 



result. However, for G above some critical value, it has also a non-trivial solution which 
is determined by a self-consistency equation of the form 



ANfNc + 1 



G / d'^p 



- + ie 



(2.54) 



with Nf (Nc) the number of flavours (colors). The integral in Eq.(2.54) diverges quadrat- 
ically due to the zero range interaction. One therefore has to regularize the integral. 
Doing this e.g. by a covariant momentum cut-off ^(A^ — P^), one obtains 



47r2 



1 ^\ 



M2 



+ 1 



(2.55) 



Eq.(2.55) clearly exhibits that spontaneous symmetry breaking only occurs for values of 
G > Gcrit- For such values, the mass M starts to deviate from zero and increases with 
G. The scalar quark condensate acquires a non-vanishing vev which can be interpreted 
as the probability of finding qq pairs in the vacuum, 



< ipip >-- 



47r2 



M2 



-In 



A2_ 
M2 



+ 1 



(2.56) 



which shows the intimate relation between the constituent quark mass M and the quark 
condensate in this schematic model of chiral symmetry violation. 





Fig. 2.1: BetheSalpeter equation in the Hartree-Fock approximation. The 
double line represents the pion, the solid lines constituent quarks. The exchange 
(Fock) diagram is not shown. 

In studying the bound-state problem, one finds that the Bethe-Salpeter equation for 
the vertex function T^[p) in the pseudoscalar isovector channel (shown in fig. 2.1) is 
equivalent to the condition (2.54) when the total four-momentum of the quark-antiquark 
pair is zero, p^ = 0. This means that there exists a massless pseudoscalar isovector 
particle (the pion) related to the spontaneous chiral symmetry breaking. This nicely 
illustrates the Goldstone theorem in a microscopic picture. As mandated by Goldstone 
theorem, the pion has non-vanishing transition matrix-element into the vacuum via the 
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axial current which defines the pion decay constant. In the NJL model, it is related to 
the constituent quark mass via 

Ml+«')-T^l, «=4 (2-57) 



which shows that is linked to the collective nature of the pion. The model can, of 
course, also be treated in the case of explicit chiral symmetry breaking by adding the 
canonical current quark mass term. 

With these basic tools, one can now study very different problems related to the 
physics of the Goldstone bosons and other mesons (if one extends the basic Lagrangian 
accordingly). Some of these are: 

1) The thermodynamics of the constituent quarks and the pions, i.e. aspects of finite 
temperature and density (in the approximation that the baryon density is given by 
three times the constituent quark density). Such character changes of meson prop- 
erties play an important role in the nuclear equation of state and in hot and dense 
baryon-rich environments as precursors of the transition to the much discussed (but 
not yet observed) quark-gluon plasma. For an early reference see [2.27] and the 
recent reviews [2.28,2.29]. 

2) The extension of the model to the three-flavor case and the study of flavor mixing. 
This was first addressed in a systematic fashion in the paper by Bernard ct al. 
[2.30] where it was shown that the U{1)a anomaly forces the inclusion of terms with 
2Nf fermion fields (within the one-loop approximation to the effective potential). 
Certain aspects of the physics of flavor mixing are reviewed in ref.[2.31]. 

3) The relation of NJL-type models to CHPT has been discussed early [2.32]. It has 
become clear that a direct comparison is hampered by the fact that in the NJL 
model one does not expand in terms of a small parameter. It can nevertheless 
serve as a guideline to understand the physics behind the low-energy constants 
(the extended NJL model) [2.33] and to get an estimate of (and higher order) 
effects [2.34]. 

Let me briefly elaborate on the last point, i.e. the work of ref.[2.34]. There, a consistent 
bosonization scheme for the NJL model was developed and the expansion of certain 
observables was worked out. In table 2, we show the results for the pion mass, decay 
constant and the constituent mass. One sees that the approximation is within 1% of 
the total (Hartree-Fock) result. 



Order 


0{p') 


0{p') 


0{p') 


Total 




88.6 


93.8 


93.0 


93.1 




141.5 


138.4 


139.1 


139.0 


M 


221.2 


243.9 


24:1 A 


248.1 



Table 2: Chiral expansion of the pion decay constant, the pion mass and the 
constituent quark mass to order , p"^ , in comparison to the self-consistent 
result of the bosonized NJL-model. All numbers are in MeV. 
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Clearly, such results always have to be considered indicative since within the 
Hartree-Fock (one-loop effective potential) approximation one does not include pion 
loops. What is most important here is to have a microscopic model for the spontaneous 
chiral symmetry breakdown and its associated Goldstone bosons. 
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III. THE PION-NUCLEON SYSTEM 



In this section, wc will be concerned with the inclusion of baryons in the effective 
field theory. We will specialize to the case of two flavors with the pions and nucleons 
as the asymptotically observed fields. The generalization to the case of three flavors 
will be taken up later. First, we discuss the relativistic formulation. In that case, 
however, the additional mass scale (the nucleon mass in the chiral limit) destroys the 
one-to-one correspondence between the loop and the small momentum expansion. This 
can be overcome in the extreme non-relativistic limit in which the nucleon is essentially 
considered as a static source. We will then turn to the systematic renormalization of the 
effective pion-nucleon Lagrangian to order p^. Finally, we discuss the appearing low- 
energy constants and the role of the A (1232) resonance. As applications, elastic pion- 
nucleon scattering and the reaction tiN ttttN at threshold are considered. Reactions 
involving electroweak probes are relegated to section 4. 

III.l. EFFECTIVE LAGRANGIAN 

In this section, we will be concerned with the inclusion of baryons in the effective 
fleld theory. The relativistic formalism dates back to the early days, see e.g. Weinberg 
[3.1], Callan et al. [3.2], Langacker and Pagels [3.3] and others (for a review, see Pagels 
[3.4]). The connection to QCD Green functions was performed in a systematic fashion 
by Gasser, Sainio and Svarc [3.5] (from here on referred as GSS) and Krause [3.6]. As 
done in the GSS paper, we will outline the formalism in the two-flavor case, i.e. for the 
pion-nucleon (nN) system. The extension to flavor SU(3) is spelled out in section 6. 

Following GSS, we now discuss the modiflcations of the procedure detailed in section 
2 to include the nucleons. The starting point is the observation that the time-ordered 
nucleon matrix elements of the quark currents are generated by the one-nucleon to 
one-nucleon transition amplitude 



determined by the Lagrangian (2.22). Here, |pin > denotes an incoming one-nucleon 
state of momentum p (and similarly \p out >). The idea is now to construct in analogy 
with (2.25) a pion-nucleon fleld theory which allows to evaluate the functional T at low 
energies. 

First, we consider the general structure of the effective pion-nucleon Lagrangian 
J^^]\f- It contains the pions collected in the matrix-valued fleld U{x) and we combine 
the proton (p) and the neutron (n) flelds in an isospinor ^ 



There is a variety of ways to describe the transformation properties of the spin-1/2 
baryons under chiral SU{2) x SU{2). All of them lead to the same physics. However, 



^{p\p'i "^'i ci'i s'lP) —< P out|pin > 



connected 
v,a,s,p 



p i-p 



(3.1) 




(3.2) 
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there is one most convenient choice (this is discussed in detail in Georgi's book [3.7]). 
In the previous section, we had aheady seen that the self-interactions of the pions are 
of derivative nature, i.e. they vanish at zero momentum. This is a feature we also want 
to keep for the pion-baryon interaction. It calls for a non-linear realization of the chiral 
symmetry. Following Weinberg [3.1] and CCWZ [3.2], we introduce a matrix-valued 
function K, and the baryon field transforms as 

^ ^ K{L,R,U)^ . (3.3) 

K not only depends on the group elements L,Re SU{2)l,r, but also on the pion field 
(parametrized in terms of U{x)) in a highly non-linear fashion, K — K{L, R, U). Since 
U {x) depends on the space-time coordinate x, K implicitely depends on x and therefore 
the transformations related to K are local. To be more specific, K is defined via 

Ru = u'K (3.4) 

with v?'{x) = U{x) and U'{x) = RU{x)L^ = u''^{x).* The transformation properties of 
the pion field induce a well-defined transformation of u{x) under SU{2) x SU{2). This 
defines K as a non-linear function of L, R and 7r{x). K is a realization of SU (2) x SU (2), 

K = VlWR^RVu (3.5) 

The somewhat messy object K G SU(2) can be understood most easily in terms of 
infinitesimal transformations. For K = exp(z7ara), L — exp(— icuaTa) exp(i/3(jTa) and 
R = exp{iaaTa) exp{i(3aTa) (with 7a, aa, Pa real) one finds, 

^ = P-[ax7f]/2F^ + Oia^,^,7f^) (3.6) 



which means that the nucleon field is multiplied with a function of the pion field. This 
gives some credit to the notion that chiral transformations are related to the absorption 
or emission of pions. The covariant derivative of the nucleon field is given by 

Dfj, transforms homogeneously under chiral transformations, D'^ = KD^K^. The object 
is the so-called chiral connection. It is a gauge field for the local transformations 

r; = KV^K^ + Kd^K^ (3.8) 

* We adhere here to the notation of [3.5]. The more obvious one with interchanging L 
and R is e.g. used in [3.7]. 
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The connection contains one derivative. One can also form an object of axial-vector 
type with one derivative, 



= i{u^V,j,u - uV^u^) = V^tt} = iu^V^Uu^ (3.9) 



which transforms homogeneously, u'^ — Ku^K^ . The covariant derivative and the 
axial-vector object are the basic building blocks for the lowest order effective theory. 
Before writing it down, let us take a look at its most general form. It can be written as 
a string of terms with an even number of external nucleons, Uext = 0,2,4,.. .. The term 
with next = obviously corresponds to the meson Lagrangian (2.28) so that 

jCeffllT, = vCtttt + + JC^^s,^^s, + . . . (3.10) 

Typical processes related to these terms are pion-pion, pion-nucleon and nucleon- 
nucleon scattering, in order. In this section, we will only be concerned with processes 
with two external nucleons and no nucleon loops (in section 5, we will also consider 
terms with n = 4), 

= C^N = -^{x)V{x)^{x) (3.11) 

The differential operator V{x) is subject to a chiral expansion as discussed below. We 
now wish to construct the generating functional for the vacuum-to-vacuum transitions 
in the presence of nucleons. For doing that, we add external Grassmann sources for the 
nucleon field to the effective Lagrangian, 

£e//[7r,*,*] = >C,.^ + >C^iv + ^* + *r7 (3.12) 
From that, one defines the vacuum-to-vacuum transition amplitude via 

3xp{zi['i;,a,s,p; fi,ri\} = N J [dU][d^][d^] exp i J d'^x{/:^^ + C^n + + ^v) 



= N' J[dU]exp i j d^xCT^T^-\-i j d^xd'^yq{x)S{x,y)-q{y) 



(detP) 
(3.13) 



where S is the nucleon propagator in the presence of external fields, 

DS{x,y;U,v,a,s,p) = d'^^^x-y) . (3.14) 

Evaluating the functional Z ai fj = t] = 0, dctD = 1 (i.e. no nucleon loops) one recovers 
the functional Z, eq.(2.25). Furthermore, the leading order terms in the low-energy 
expansion of J-' is generated by the tree graphs in Z. However, the relation between 
and Z beyond leading order is much more complicated due to the fact that the nucleon 
mass does not vanish in the chiral limit as discussed below. 

Let us first consider the effective pion-nucleon Lagrangian to lowest order. Its 
explicit form follows simply by combining the connection F^ and the axial-vector «^ 
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(which are the objects with the least number of derivatives) with the appropriate baryon 
bihnears 

o (3.15) 
= *(i7^L>'^-7?i+^7'^75«^)* 

The effective Lagrangian (3.15) contains two new parameters. These are the baryon 
mass m and the axial- vector coupling §^ in the chiral limit, 

m = Hl + 0{m)] 

gA = °gA[^ + 0{m)] ^ • ^ 

Here, m = 939 MeV denotes the physical nucleon mass and qa the axial-vector strength 
measured in neutron /3-decay, n — > pe~Pg, qa — 1.26. The fact that m does not vanish 
in the chiral limit (or is not small on the typical scale A ~ Mp) will be discussed 
below. Furthermore, the actual value of m, which has been subject to much recent 
debate, will be discussed in the context of pion-nucleon scattering. The occurence of 
the constant Qa is all but surprising. Whereas the vectorial (flavor) SU (2) is protected 
at zero momentum transfer, the axial current is, of course, renormalized. Together with 
the Lagrangian >C^7f (2.28), our lowest order pion-nucleon Lagrangian reads: 

A = 4'lr + 4'i (3.17) 

To understand the low-energy dimension of C^^l^, we have to extend the chiral counting 
rules of section 2 to the various operators and bilinears involving the baryon fields. 
These are: 

m = 0{l) , ^, # = 0{l) , D^^ = C»(l) , = 0{l) 

^7^^r = C(l), ^'7'^75^' = C(l) , *(7''^* = C(l) , tcT''^75* - C(l) (3.18) 
{ip - m)^ = 0{p) , ^'75^' = 0{p) 

Here, p denotes a generic nucleon three-momentum. Since m is of order one, baryon 
four-momenta can never be small on the typical chiral scale. Stated differently, any 
time derivative Dq acting on the spin-1/2 fields brings down a factor m. However, the 
operator [ip — m)\l/ counts as order 0{p). The proof of this can be found in ref.[3.6] 
or in the lectures [3.8]. To lowest order, the Goldberger-Treiman relation is exact, 
— g^j^F, which allows us to write the ttN coupling in the more familiar form 

It goes without saying that we have to include pion loops, associated with Ci given 
in (3.17). Omitting closed fermion loops (det D = 1), the corresponding generating 
functional reads [3.5] 



exp{iZ} = N' J [dU] expji j dxC^^l + i j dxfjS^^^rj 



(3.19) 
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with the inverse nucleon propagator related to P*-^-* (3.15). a, b and c are isospin 
indices. This generating functional can now be treated by standard methods. The 
details are spelled out by GSS [3.5]. Let us concentrate on the low-energy structure of 
the effective theory which emerges. Pion loops generate divergences, so one has to add 
counterterms. This amounts to 

£1 ^ £1 + £2 

The last three terms on the r.h.s. of eq.(3.20) are the expected ones. The structure of 
the ttN interaction allows for odd powers in so starting from C^^jf to one-loop order 
one expects couterterms of dimension p^. A systematic analysis of all these terms has 
been given by Krause [3.6]. The first two terms, AC'^j^ and AC^^l^, are due to the fact 
that the lowest order coefficients m and are renormalized (by an infinite amount) 
when loops are considered. This indicates that the chiral counting is messed up and is 
completely different from the meson sector, the constants B and F are not renormalized 
in the chiral limit. The origin of this complication lies in the fact that the nucleon mass 
does not vanish in the chiral limit. To avoid any shift in the values of m and one 
thus has to add appropriate counter terms 

AC^^l = Ar?.(^y** , A£W = A^^l^^^ h^l^u,^ (3-21) 



D 



5 
3 
1 

12 3 N 

Fig. 3.1: Chiral expansion for the ttN scattering amplitude, T^^n ~ = D. 
Tree graphs contribute at N = 1, 2, 3 . . ., n-loop graphs at N= 2,3, . . . (after 
mass and coupling constant renormalization) . The contributions from 2,3,. . . 
loops are analytic in the external momenta at order p^ (here, p is a pion four-, 
nucleon three-momentum or the pion mass). 
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The first term in (3.21) can be easily worked out when one considers the nucleon 
self-energy T,n{p) related to the nucleon propagator via S{p) = [m— j/— S7v(p)]~^ in the 
one-loop approximation [3.5]. The low-energy structure of the theory in the presence 
of baryons is much more complicated than in the meson sector. This becomes most 
transparent when one compares the nn and nN scattering amplitudes, T^^ and T^at, 
respectively. While T*^'^ ~ and T^~^°"p ~ (p^)"^^^, the corresponding behaviour for 
Tn-iv is shown in fig. 3.1 [3.5]. Here, p denotes either a small meson four-momentum or 
mass or a nucleon three-momentum. Tree graphs for Tt^n start out at order p followed 

by a string of higher order corrections p^, p^, One-loop graphs start out at order p^ 

(after appropriate mass and coupling constant renormalization) and are non-analytic in 
the external momenta at order p^ (in the chiral limit rh — 0). Higher loops start out at 
and are analytic to orders 0{p'^ , p^). This again means that the low-energy constants 

(2 3) 

associated to vC^j^ will get renormalized. Evaluation of one-loop graphs associated 
with Ci therefore produces all non-analytic terms in the external momenta of order p^ 
like e.g. leading threshold or branch point singularities. Let us now consider the case 
m ^ 0. Obviously, the ttN amplitude also contains terms which are non-analytic in 
the quark masses. A good example is the Adler-Weisberger relation in its differential 
form - it contains a factor F~'^ and therefore a term which goes like mlnm. Due to the 
complicated low-energy structure of the meson-baryon system, it has never been strictly 
proven that one-loop graphs generate all leading infrared singularities, in particular the 
ones in the quark masses. However, in all calculations performed so far the opposite has 
never been observed. In any case, the exact one-to-one correspondence between the 
loop and small momentum expansion is not valid in the meson-baryon system if one 
treats the baryons fully relativistically. This can be overcome, as will be discussed in 
the next section, in an extreme non-relativistic limit. Here, however, we wish to point 
out that the relativistic formalism has its own advantages. Two of them are the direct 
relation to dispersion theory and the inclusion of the proper relativistic kinematics in 
certain processes. These topics will be discussed later on. 

The complete list of the polynomial counter terms C^^^^ can be found in ref.[3.6]. 
Here, let us just list the terms which will be used in the calculations of pion photo- and 
electroproduction (see section 4). These are given by 

££i = ci** Tr (x+) + ce^a'^Vi* + ct*^'^" Tt (/+ )* + . . . (3.22) 
= - &io^t757^«'^* IV (x+) + 6n^t75X-* 
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(3.23) 



where 



X± 




(3.24) 



*yi(a'' + r'*)s*-*yi(a -r")B* 



In the case of having only photons as external fields, fj^^ simplifies to /^^ = e{d^A^ — 

dj^Aij){uQu^ ± u^Qu) with the photon field and Q = diag(l, 0) the (nucleon) charge 
matrix. Let us briefiy discuss the physical significance of the various terms in the pion- 

nucleon Lagrangian, eqs(3.22,23). C^^]^ consists of three terms, the first (~ Ci) is a mass 
renormalization counterterm and the second and third contribute to the anomalous 
magnetic moments Kp,n- In GSS [3.5] it was demonstrated that to a high degree of 
accuracy, cg ~ 0, i.e. the isovector anomalous moment of the nucleon is given by the 

loops (in the one-loop approximation). The terms of C)^lf fall into two types. Let 
us first discuss the terms proportional to 610, 611 and 612, in order. The 610-term is 
needed for the renormalization of qa- The 611-term contributes to the renormalization 
of g-n-N and allows to reproduce the empirical deviation of the Goldberger-Treiman 
relation from unity. In what follows, we will always use Qt^n instead of gATn/Fj^. The 
term proportional to 612 enters the Z-factor which accounts for the renormalization of 
the external legs. The four terms in (3.23) proportional to (i = 1, . . . , 4) are finite 
counterterms which contribute to pion photo- and electroproduction. The coefficients 
are not known a priori. In the tiN sector, there are three additional terms 
contributing to pion electroproduction at order g"^, these are the last three in eq.(3.23). 
The two terms in eq.(3.23) proportional to 69 and 69 are related to the electric mean 
square charge radii of the proton and the neutron, see section 4.1. The last term in 
eq.(3.23) is related to the slope of the axial form factor of the nucleon, G^(A;^) (see 
section 4.4). Other terms of order and which enter the calculation of pion-nucleon 
scattering are discussed in ref.[3.5]. 

To end this section, a few remarks concerning the structure of the nucleons (baryons) 
at low energies are in order. Starting from a structureless Dirac field, the nucleon is 
surrounded by a cloud of pions which generate e.g. its anomalous magnetic moment 
(notice that the lowest order effective Lagrangian (3.15) only contains the coupling of 
the photon to the charge). Besides the pion loops, there are also counterterms which 
encode the traces of meson and baryon excitations contributing to certain properties of 
the nucleon. Finally, one point which should be very clear by now: One can only make 
a firm statement in any calculation if one takes into account all terms at a given order. 
For a one-loop calculation in the meson-baryon system, this amounts to the tree terms 
of order p, the loop contributions of order p^, p"^ and the counterterms of order p^ and 
p^ . This should be kept in mind in what follows. 
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III.2. EXTREME NON-RELATIVISTIC LIMIT 



As we saw, the fully relativistic treatment of the baryons leads to severe compli- 
cations in the low-energy structure of the EFT. Intuitively, it is obvious how one can 
restore the one-to-one correspondence between the loop and the small momentum ex- 
pansion. If one considers the baryons as extremely heavy, only baryon momenta relative 
to the rest mass will count and these can be small. The emerging picture is that of a very 
heavy source surrounded by a cloud of light (almost massless) particles. This is exactly 
the same idea which is used in the so-called heavy quark effective field theory methods 
used in heavy quark physics. Therefore, it appears natural to apply the insight gained 
from heavy quark EFT's to the pion-nucleon sector. Jenkins and Manohar [3.9,3.10] 
have given a new formulation of baryon CHPT based on these ideas. It amounts to 
taking the extreme non-relativistic limit of the fully relativistic theory and expanding 
in powers of the inverse baryon mass. Notice also that already in the eighties Gasser 
[3.11] and Gasser and Leutwyler [3.12] considered a static source model for the baryons 
in their determination of quark mass ratios from the baryon spectrum. 

Let us first spell out the underlying ideas before we come back to the ttN system. 
Our starting point is a free Dirac field with mass m 

C = ^{igl-m)-^ (3.25) 

Consider the spin-1/2 particle very heavy. This allows to write its four-momentum as 

Pm = ^'^^V + ^A* (3-26) 

with the four-velocity satisfying v'^ = 1 and a small off-shell momentum, v-l <^ m. 
One can now construct eigenstates of the velocity projection operator Py — {1 + i/)/2 
via 

* = e-*"^^'^ (H + h) , , 

^ ^ 3.27 
i/H = H, i/h = -h ^ ^ 

which in the nucleon rest-frame = (1,0,0,0) leads to the standard non-relativistic 
reduction of a spinor into upper and lower components. Substituting (3.27) into (3.25) 
one finds 

C = H{iv ■ d)H - h{iv ■ d + 2m)h + Higl^h + higl^H (3.28) 

with gl^ the transverse part of the Dirac operator, ^ = i/iy ■ d) + gl^ . From eq.(3.28) 
it follows that the large component field H obeys a free Dirac equation (making use of 
the equation of motion for h) 

vdH = (3.29) 

modulo corrections which are suppressed by powers of 1/m. The corresponding propa- 
gator of H reads 

S{u;) = . , 77 > (3.30) 

V ■ k + 17] 
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with u) = V ■ k. The Fourier transform of eq.(3.30) gives the space-time representation 
of the heavy baryon propagator. Its expHcit form S{t,f) = Q{t) 5^^\f) iUustrates 
very clearly that the field H represents an (infinitely heavy) static source. The mass- 
dependence now resides entirely in new vertices which can be ordered according to their 
power in 1/m. A more elegant path integral formulation is given by Mannel et al. [3.13]. 
There is one more point worth noticing. In principle, the field H should carry a label 
'v' since it has a definite velocity. For the purposes to be discussed we do not need to 
worry about this label and will therefore drop it. 

Let me now return to the ttN system. The reasoning is completely analogous to 
the one just discussed. We follow here the systematic analysis of quark currents in 
fiavor SU{2) of Bernard et al. [3.14]. We will derive the effective Lagrangian for heavy 
nucleons in terms of path integrals. In this formulation, the I/tun corrections are easily 
constructed. Consider the generating functional for the chiral Lagrangian of the ttN- 
system 

Z[r7,^,^;,a,s,p] = j [cZ*][d*][d«] expz{5, J d'^xifji; + tPr])} (3.31) 



where 



S.N ^J{^{iP-^ + |^^75)* + + 4'i!r + • • •} 



(3.32) 



The aim is to integrate out the heavy degrees of freedom. To this end the nucleon 
field ^ is splitted into upper and lower components with fixed four velocity v 



= e^"^^-^l(l + y)* 



(3.33) 



In terms of these fields, the action St^n may be rewritten as 

SnN = j d^x^^^HyAHy + JiyBHy + Hy-foB^-fohy - hyCK^ . (3.34) 

The operators A, B and C have the low energy expansions 

^ = ^(1) +^(2) + ... (3.35) 
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where A^'^^ is a quantity of q denoting a low energy momentum. The exphcit 

expressions read 



A'^^^ = iiv-D)+§^{u-S) 

o 

A^'^^ = ^[ciTrx+ + C2{v ■ uf + + [S", S'']u^u^ 

+ C5 (X+ - \ Tr X+) - S^]{{1 + C6)/+ + C7 )) ^^ ^^^ 

^(2) ^ _^(2) _ 

p"*" = {g — ^Vi,)D^ is the transverse part of the covariant derivative which satisfies 
{p , y} = 0. Here, we have taken advantage of the simphfications for the Dirac algebra 
in the heavy mass formulation. It allows to express any Dirac bilinear ^F^^ (F^ = 1, 
lui 75) • • •) in terms of the velocity and the spin-operator 2Sn = i^b'^nvV^ ■ The 
latter obeys the relations (in d space-time dimensions) 

S-v = ^, -5" = ^' {S^.:S,]^]^{v^v,-g^,), [S^,S,]=ie^,^i3v''S'' (3.37) 

Using the convention e^-*^^^ = —1, we can rewrite the standard Dirac bilinears as: 

H^^H = v^HH, H'y.H = 0, H-f^^oH = 2HS^H 

Therefore, the Dirac algebra is extremely simple in the extreme non-relativistic limit. 

We return to the discussion of the generating functional. The source term in (3.31) 
is also rewritten in terms of the fields Hy and hy 

J ti^a;(f7* + ^r]) = J i^x{RyHy + HyRy + pyhy + hypy) (3.39) 

with 

i?. = ^(l + y)e^'"""r/ 

f (3.40) 
= -(l-y)e^"^^-"?7. 

Diff'erentiating with respect to the source f?„ yields the Green functions of the projected 
fields Hy. The heavy degrees of freedom, /i^, may now be integrated out. Shifting 



35 



variables h'^ = hy—C ^{BHy + py) and completing the square, the generating functional 
becomes 

eyipiZ[Ry,Ry, py,py,v,a,s,p] ^ [dHy][dHy][du]Ahexpi[S'^^ + S^^+ 

r (3.41) 

d^X{RyHy + HyRy) + . . .} 



where 



= / d''xHy{A+ {^oB^^o)C-'B)Hy , (3.42) 



and the ellipsis stands for terms with the sources and py [3.17]. In (3.42), denotes 
the determinant coming from the Gaussian integration over the small component field, 
i.e. 

Ah = exp{^tr InC} 

1 (3-43) 
{- tr ln(l + C^^^-\i{v ■D) + §^{S-u)+ C^^^ + •••))}• 

As noted in Ref.[3.13], the space time representation of the hy propagator, C^^^~^, implies 
that is just a constant. 

The next step consists in expanding the nonlocal functional (3.41) in a series of 
operators of increasing dimension. This corresponds to an expansion of the matrix 
in a power series in 1/m 

Thus the effective heavy nucleon lagrangian up to 0{q^) is given as 
= J d'xHy{A^'^ + ^(^) + ^(3) + (7oB(^)t^o)4s(^) 

2m 

Note that the neglected terms of C(g^) may be suppressed by inverse powers of either 
m or = AttFt^. These two scales are treated on the same footing, the only thing 
which counts is the power of the low momentum q. It is important to note that this 
expansion of the non-local action makes the closed fermion loops disappear from the 
theory because at any finite order in 1/m, S'^j^ is local (as spelled out in more detail in 
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ref.[3.15]). To complete the expansion of the generating functional up to order q^, one 
has to add the one-loop corrections with vertices from A^^^ only. Working to order 
(which still includes only one-loop diagrams) , one also has to include vertices from ^(^^ 
and from {^oB^^^^^o)B^^^ /{2^). 

The disappearance of the nucleon mass term to leading order in 1/m now allows for 
a consistent chiral power counting. The nucleon propagator is now of the form (3.30), 
i.e. has chiral power q~^. Consequently, the dimension D of any Feynman diagram is 
given by* 

D = AL-2Im-Ib + Y1 d{N^ + ^d^) (3-46) 

d 

with L the number of loops, Im [Ib] the number of internal meson (baryon) lines and 
, the number of vertices of dimension d from the meson, meson-baryon 

Lagrangian, in order. Consider now the case of a single baryon line running through the 
diagram [3.15]. In that case, one has 

^Arf^ = /B + 1 . (3.47) 

d 

Together with the general topological relation 

L = Im + Ib- 5^(iVf + iVf ^) + 1 (3.48) 

D 

we arrive at 

D = 2L + l + ^(rf-2)Arf + J]((i-l)Arf^ . (3.49) 

d d 

Clearly, D > 2L+1 so that one has a consistent power counting scheme in analogy to the 
one in the meson sector. In particular, the coefficients appearing in C^^lf and -C^fj^ are 
not renormalized at any loop order since D >?> for L > 1 (if one uses e.g. dimensional 
regularization) . This is in marked contrast to the infinite renormalization of and m 
in the relativistic approach, see eq.(3.21). As stated before, all mass dependence now 
resides in the vertices of the local pion-nucleon Lagrangian, i.e. all vertices now consist 
of a string of operators with increasing powers in 1/m. We have for example 

1 -|- Ts o 

Photon — nucleon vertex : ie e-v + 0{l/m) 

2 (3.50) 

Pion — nucleon vertex : {g^/F)T°'S ■ q + 0{l/m) 

To summarize, the effective pion-nucleon Lagrangian takes the form = C^lf + 

C^^lf + C^^li + C^^Ij + . . . where the superscript '(i)' denotes the chiral dimension. The 



* Since this power counting argument is general, we talk of mesons (M) and baryons 
(S) for a while (instead of pions and nucleons). 
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(2) 

complete list of terms contributing to and the corresponding Feynman rules can 
be found in appendix A. 

Before we turn to the renormalization of the chiral pion-nucleon EFT, a comment on 
the heavy fcrmion formalism is necessary. While it is an appealing framework, one should 
not forget that the nucleon (baryon) mass is not extremely large. Therefore, one expects 
significant corrections from 1/m suppressed contributions to many observables. This will 
become more clear e.g. in the discussion of threshold pion photo- and electroproduction. 
It is conceivable that going to one-loop order 0{q^) is not sufficient to achieve a very 
accurate calculation. Of course, only explicit and complete calculations can decide 
upon the quality of the q'^ approximation. This means that higher order calculations 
should be performed to learn about the convergence of the chiral expansion. For a 
few selected cases, calculations including part of or all terms of order q'^ have been 
performed. We will discuss these in due course. To that accuracy, one has to include 
the pertinent contact terms from C^l^ and consider one-loop graphs with exactly one 

(2) 

insertion from C)^p^- Here, let us note that the calculations which include all terms 
of order in the chiral expansion indeed lead to an improvement for the respective 
theoretical predictions. Ultimately, one might want to include more information in the 
unperturbed Hamiltonian. At present, it is not known how to do that but it should be 
kept in mind. 

III.3. RENORMALIZATION 

In this section, we will be concerned with the renormalization of the effective pion- 
nucleon Lagrangian to order q^. In the relativistic case, this problem was addressed for 
a certain class of divergences in ref. [3.5] and similarly for the heavy mass formalism in 
refs. [3.14,3.16]. Ecker [3.17] has recently given a complete renormalization prescription 
of the generating functional at order q^ as discussed below. 

Let us first consider the nucleon propagator and mass-shift. The only loop diagram 
contributing at order q^ is shown in fig. 3. 2. and leads to [3.14] (we have no tadpole 
contribution since that involves an odd power of the loop momentum I to be integrated 
over) 



with u = V ■ k and the loop functions Joiuj) and A7r(0) given in appendix B. 



1 ^ 
/ A \ 

/ \ 
-i > *- 



Fig. 3.2: One-loop contribution to the nucleon self-energy to order q^. The 
solid and dashed lines denote nucleons and pions, in order. 
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Putting pieces together, we arrive at 



2 



for. ./o, .2 nnj2x , ^ m. .2 onj2x.M UJ o , ,2^ 



_ _L(M2 - arccos ^1 - 4M' ( c, + • • • 



(3.52) 



making use of dimensional regularization and separating the infinite from the finite 
pieces as in eq.(2.47). The last three terms in eq.(3.52) stem from three contact terms 
of order q'^ and q^, respectively, cf. appendix A and eqs(3.60),(3.63). The coefficient of 
the first contact term is obviously finite whereas the other two low-energy constants are 
needed to renormalize the nucleon self-energy. The ellipsis in (3.52) stands for terms 
which do not contribute to the mass shift and Z-factor of the nucleon. The nucleon 
propagator now takes the form 

^M = o , = • (3.53) 

p ■ V — m — l-'[jjo) ijO — z^(<^) 

The propagator develops a pole at p = ttinv with niN the renormalized nucleon mass, 

mjv = m + S(0) 

oo2 ^3 (3.54) 
S(0) = -4ciM2 - . 

As stated in the previous section, the mass shift S(0) is finite and vanishes in the chiral 
limit, quite in contrast to the relativistic approach (cf. eq.(3.21)). Notice also that the 
mass-shift contains the non-analytic piece of order m^/^ already found in ref.[3]. The 
nucleon wave-function renormalization (Z-factor) is determined by the residue of the 
propagator at the physical mass pole and given by 

S{uj) 



p ■ V — rriN 

(3.55) 



Z^ = 1 + E'(0) = 1 ^'^^ 



327r2F2 



31n^ + l 
A 



^^^2o(A) 



Here, the low energy constant i?2o has eaten up the infinity in the loop contribution via 
the renormalization prescription 

B,, = Bl,{\) + ^L, /?20 = -^g . (3.56) 

In a similar fashion, one can renormalize all divergences appearing in the various Green 
functions. However, there exists a more systematic method which we will now turn to. 
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The starting point for a consistent renormalization scheme is the generating func- 
tional in the presence of the external sources. In the approximations described in section 
3.2, the fermion determinant is trivial to any finite order in 1/m and the integration 
over Hy reduces to completing a square. This leads to: 



exp{iZ[t), a, s,p,ri,ri\} ^ ^ J [^u] expi(S'^^ + Zt,n[u,v, a, s,p,Ry,pv]) 
Z^N[u,v,a,s,p,Ry,py] = I d^x{Ry{A + ^°B^°C-^B)-^Ry + ...} 



(3.57) 



where the ellipsis stands for terms linear and quadratic in py (py) which we will not need 
in what follows, and U — v? . From here on, the standard CHPT procedure as outlined 
in ref.[3.18] can be applied. One expands the action in the functional integral around the 
classical solution Uc\[via, s,p\ = {uci[v,a,s,p])'^ of the lowest oder equations of motion. 

To calculate the loop functional to order p^ one has to expand C^^}+cl^}-Ry{A^^'^)-^Ry 
in the functional integral (3.57) around the classical solution. The divergences are 
entirely given by the irreducible diagrams (cf. Fig.l of ref.[3.17]) corresponding to the 
generating functional 

Z;,,[v,a,s,p,Ry] = J d^xd^x'd^ydyRy{x){A^'Y\^.y)[My.y')s^^\y-y') ^3gg^ 
+ My,y')] iA^'Y\y'.^')Rv{^') 

with {A^^^)~^ the propagator of Hy in the presence of external fields. The explicit 
form of the self-energy functional Si^2 can be found in ref.[3.17]. Here, it is important 
to note that these diverge as y y' . The divergences can be extracted in a chiral 
invariant manner by making use of the heat kernel representation of the propagators in 
d— dimensional Euclidean space. These divergences will then appear as simple poles in 
e = {A — d)/2. After some lengthy algebra as detailed in ref.[3.17] one arrives at 

[Si(y, y')S^'\y - y') + My. y')] = [sf(z/, z/'; X)5^^\y - y') + (y, y'; A)] 

2L . ^ ^ (3.59) 

-p^5^'\y-y')[My) + My)] 

The generating functional Z[v,a,s,p,Ry\ can now be renormalized by introducing the 
local counterterm Lagrangian 

Cf^ix) = B^^vix) Oiix) Hy{x) (3.60) 

where the coupling constants Bi are dimensionless and the field monomials Oi{x) are of 
order p^ . A minimal set consisting of 22 counterterms has been given in ref. [3.17].* In 
complete analogy to eq.(2.46), one decomposes the low-energy constants Bi as 

= S[(A) + (47r)2/3,L (3.61) 



* For on-shell nucleons, one can further reduce this number by using the equations of 
motion for the nucleons. 
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The /3i depend only on (strictly speaking on g^) and the corresponding operators 
Oi{x) are given by 



A . 



0^ = i[vu,vDvu],p^ = i-^ ; 0^ = S-uTt{u-u),P^ = ^""^^ ^ ; 

o o 

0, = vuT,{S-uvu),fiT = -^^- 08 = [x-,^-«],/38 = m^; 
0^ = S.uT.{x+),f3,= 3^^^- 3 a) . 0,0 = D^^U,,v'^,P,o = 

On = iS^'v''[f+^,,v u],P,, = gA-, da = ivxe''^'''' Tr (u^u^Up), = -^iil±M) 

Oi3 = ivxe^^"''S,Tr[iv ■ Du^)u,], = O14 = vxe'^^^'^^Tv (f+^^Up); = 

Oi5 = «(^; • Df; (3i5 = -3^i; Oi6 = vDS-uv D; (3iq = 

O^r =Triu. u)iv ■ D + h.c, = -^^^ilMl; 

lb 

018 = i Tr • • + h.c; As = 

019 = • DS' • • D + h.c.; = ^20 = Tr {x+)iv ■ D + h.c; /?2o = -^; 

021 = vxe^^'^'PSpUi^u^v ■ D + h.c.;/52i = -^iii±^; 

022 = ivxe^'^^PSpUt.uV ■ D + h.c.; /32i = ^i; /+^. = - ^ IV /+^, 

(3.62) 

The sum of the irreducible one-loop functional (3.58) and the counterterm functional 
derived from the Lagrangian (3.60) is finite and scale-independent. The renormalized 
low-energy constants Bl[X) are measurable (i.e. they can be determined from a fit to 
some observables) and subject to the foUowoing renormalization group behaviour under 
scale changes 

S[(A2) = i?[(Ai)-Alog^ . (3.63) 

This completes the formalism necessary to renormalize the pion-nucleon (or meson- 
baryon) Lagrangian to order in heavy fermion CHPT. In what follows, we will see 
these renormalization prescriptions being operative for various physical processes. 
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III.4. LOW-ENERGY CONSTANTS AND THE ROLE OF THE A(1232) 



As noted in section 2, in the meson sector the low-energy constants Li could all be 
fixed from phenomenological constraints (within a certain accuracy). Furthermore, the 
actual values of these coefficients could be understood from a hadronic duality in terms 
of resonance exchange. We note, however, that for the non-leptonic weak interactions 
(which contains 80 new contact terms) this generalized vector meson dominance principle 
is not that successful [3.19]. In the nucleon sector, the situation is somewhat similar to 
the case of non-leptonic weak interactions of the mesons. At present, only a subset of the 
coefficients in C^J^ and C^]^ (and also in C^^l^) have been fixed from phenomenology. 
We will discuss one example below. In most other cases, one resorts to resonance 
saturation which besides meson resonances involves the nucleon excitations, in particular 
the A(1232) P-wave resonance. The A plays a particular role for two reasons. First, 
its excitation energy is only 300 MeV and second, its coupling to the ttN system is very 
strong, ^ajvtt — '^9tvN- For these reasons and the degeneracy of the A with the nucleon 
in the limit of infinite colours, it has been suggested to include the A from the start in 
the effective theory [3.20]. Wc will discuss this below. Obviously, if one does not want 
to build in the A in the EFT, it will feature prominently in the estimation of certain 
low-energy constants. We will detail one example which we need for the discussion of 
elastic ttN scattering in the threshold region later on. 





occurs in 


determined from 


Cl 




phen. 


C2, C3, C4 


ttN ttN 


res. exch. + phen. 


C5 


rriN, cTttN {rriu 7^ md) 


phen. 


C6 




phen. 


C7 




phen. 


-61,-82, Bs, Bs 


ttN ttN 


res. exch. 


Bio 




phen. 


B20 


Zjv 


unknown 



Table 3.1: Occurence of low-energy constants and their determinations from 
phenomenological (phen.) constraints or estimation based on resonance ex- 
change (res. exch.). Note that C5 is only contributing for rriu 7^ w^. For the 
definition of the corresponding effective Lagrangian see (3.36) and appendix 
Al. 
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First, let us tabulate the various low-energy constants from C^^"^ which we will 
encounter in the following sections and discuss in which process they can be probed (or 
determined). As noted before, while the list for the terms of order is complete, for 
the terms of 0{q^) we only exhibit the terms which we will use later on. As becomes 
clear from table 3.1, certain low-energy constants can only be probed in the presence 
of external fields. These are, in turn, the best determined ones since the nucleon radii 
and magnetic moments are accurately known (cf. cq,C7 or -Bio). The constants related 
directly to the ttN interactions have not yet been determined from a global fit to ttN 
scattering data as it was done in the relativistic case. In view of the present discussion 
about the low-energy ttN scattering data such a program has to be performed with 
adequate care and is not yet available (sec section 3.5). As noted in table 3.1, the low- 
energy constant Cj can be fixed from phenomenology. Consider first ci. It is related to 
the much discussed pion-nucleon cr-term, aj^Nit) ~< p'\m{uu + dd)\p > {t — {p' — p)^), 
via [3.14] 

^.=-^(^.-(0).^) . (3.64) 



Using the empirical values for F^r, M,r and qa together with the recent determination 
a-^jv(O) = 45 ± 8 MeV [3.21], this amounts to 

ci = -0.87 ± 0.11 GeV"^ . (3.65) 

The two constants C2 and C3 are related to the so-called axial polarizability cka and 
the isopin-even ttN S-wave scattering length 0+ (for the definitions and discussion see 
section 3.5) 



^3 = -T 



glM^f 77 2 



= -5.25 ± 0.22 GeV~^ 

(3.66) 



using the empirical values aA = 2.28 ± 0.10 M'^ and a+ = -0.83 ± 0.38 ■ 10"^ M'^ 
(for references, see section 3.5). Note, however, that these observables might not form 
the best set to determine the constants ci,2,3 since the scattering length a"*" is extremely 
sensitive to the counter term combination C2 + C3 — 2ci and, furthermore, there are 
correlations between the S-wave scattering lengths and the ttN a-term. The constants 
cq, cr and Bio can be determined from the isovector and isoscalar anomalous magnetic 
moment of the nucleon and its isovector charge radius, respectively [3.5,3.14]. The 
numerical values of the seven low-energy constants in are summarized in table 3.2. 
The constants C2 and C3 have also been estimated making use of the resonance saturation 
hypothesis [3.22]. Consider C3. In that case, the dominant contribution comes from the 
A(1232) and there is a small correction due to the A?"* (1440) resonance. In addition. 
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there is a sizeable contribution due to scalar meson exchange. The pertinent Lagrangians 
for the coupling of the mesonic and the nucleon excitations to the nN system read 



>C^iv*7v = ^gA R N*i/^5^ + h.C. (3.67) 
'Cs-K-K ^ CmTt + Cd Tr{u ■ u) 

where denotes the Rarita-Schwinger field and Z parametrizes the off-shell behaviour 
of the spin-3/2 field. This parameter is not well known, the most recent analysis of 
ref.[3.23] gives —0.8 < Z < 0.3. We should stress here that it is mandatory to consider 
these nucleon excitations in the relativistic framework. The basic idea is that one starts 
from a fully relativistic theory of pions coupled to nucleons and nucleon resonances 
chirally coupled. One then integrates out these excitations from the effective theory 
which produces a string of pion-nucleon interactions whose coefficients are given in 
terms of resonance parameters. Finally, one defines velocity-dependent nucleon fields 
eliminating the 'lower component' h{x). Using now the large Nq coupling constant 
relation ^t^aat = ^g-wN/V^ = 28.42 (close to the empirical value of 28.37) and the 
phenomenological value g-nN*N = {^/'^ ■ ■ - ^/^g-KN [3.24] (which defines a parameter 
i2= 1...1/4), we find 



gl 



f m/\m — 4m\ — rn?' , , ^ , ,A 
— + 4Z mA 2Z + 1 + m{Z + 1 

\ TTT-A —m J 

(3.68) 



^ 8m^ 

= -2.54...- 3.18 GeV-^ 



cf = ,^ = -0.06 ... - 0.22 GeV 



16(m — m*) 



cf = 2ci— = -1.33GeV"^ . 

Cm 

using \cd\ = 32 MeV and \cm\ =42 MeV [3.31]. In addition, we have assumed that the 
value of ci is saturated by scalar exchange which allows to eliminate the coupling gs- 
However, a strongly coupled scalar-isoscalar with Ms / ^/gs ~ 220 MeV is needed to sat- 
urate ci this way. Altogether, we find that c^^^ = +€3^ +c§ varies between -3.6 and 
-5.0 GeV~^, somewhat smaller than the empirical value discussed above. This demon- 
strates that the resonance saturation hypothesis can not yet be considered established 
(as it is in the case of the meson sector). However, in the absence of sufficiently many 
accurate low-energy data in the meson-baryon sector and a systematic evaluation of all 
counterterms up-to-and-including order q^, it is legitimate to use resonance exchange 
to estimate the low-energy constants which appear in the processes one considers. The 
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introduction of this unwanted model-dependence should be considered as a transitional 
stage until a complete analysis of the various coupling constants based on fits to data 
becomes available. 





C'2 




C'4 


4 






-1.63 


6.20 


-9.86 


7.73 


0.17 


11.22 


-2.03 



Table 3.2: Numerical values of the dimensionless low-energy constants = 
2mNCi (i = 1, . . . , 5) and Cg ^ = 2cqj with rriN = {rrip + mn)/2 = 938.92 MeV 
the nucleon mass. C4 is determined from the P-wave nN scattering volumes 
and C5 follows from the strong np mass difference, {mn—mp)atT = 2M^C5(md — 
my)/rh- cqj are determined from the nucleon isovector and isoscalar anomalous 
magnetic moments as described in section 4.1. 

One particular advantage of the heavy mass formulation is the fact that it is very 
easy to include the baryon decuplet, i.e. the spin-3/2 states. This has been done in full 
detail by Jenkins and Manohar [3.10,3.20]. The inclusion of the A(1232) is motivated by 
the arguments given in the beginning of this section, in particular the fact that the A'"A 
mass-splitting toa — mpf is only about thrice as much as the pion decay constant,* so 
that one expects significant contributions from this close-by resonance (the same holds 
true for the full decuplet in relation to the octet, see section 6). This expectation is 
borne out in many phenomenological models and we had also seen in the discussion of 
the low-energy constants the prominent role of the A. However, it should be stressed 
that if one chooses to include this baryon resonance (or the full decuplet), one again 
has to account for all terms of the given accuracy one aims at, say 0{q^) in a one-loop 
calculation. This has not been done in the presently available literature. Furthermore, 
the mass difference ttt-a — thn does not vanish in the chiral limit thus destroying the 
consistent power counting (as it is the case with the baryon mass in the relativistic 
formalism discussed in section 3.1). We will come back to this below. In the extreme 
non-relativistic limit, the A is described by Rarita-Schwinger spinor A^ with a G {1, 2, 
3}. This spinor contains both spin-1/2 and spin-3/2 components. The spin-1/2 pieces 
are projected out by use of the constraint 7^A^ = 0. One then defines a velocity- 
dependent field via 

A;^ - e"*"'"-" (T + t)(^ (3.69) 
In terms of the physical states we have 

^1 _ J_ A++ - A7v^\ ,_±fA++ + AyVs\ ^3 _ /2 / A+\ 
V2 V^+/V3-A- j^' V2 V^+/V3 + A- j^' \Is[a^J^ 

(3.70) 

* Often it is stated that niA—'m-N ~ 2M7r. While that is numerically true, the behaviour 
of these quantities in the chiral limit is very different. While the former stays constant as 
m ^ 0, the latter vanishes. 
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The effective non-relativistic AA^'tt Lagrangian to ieading order reads 



^AN^ = -iT'^'^v ■ D^^Tl + AT'^'T^ + ^^{T'^'ulH + Hu^^T"") (3.71) 

witfi A = niA — TTiN and = (z/2) Tr (r°'tt^ V^t/w^). Clearly one is left with some 
residual mass dependence. In the language of ref.[3.20] we have set C = 3g^/2 = 1.89 
which is nothing but the SU(4) coupling constant relation discussed before. From the 
width of the decay A Ntt one has C = 1.8 [3.10], consistent with the value given 
before (if one uses the full decuplet the value of C reduces to 1.5). The propagator of 
the spin-3/2 fields reads 

S^aH = i (3.72) 

For all practical purposes, it is most convenient to work in the rest-frame = (1, 0, 0, 0). 
In that case, one deals with the well-known non-relativistic isobar model which is dis- 
cussed in detail in the monograph by Ericson and Weise [3.24]. Consider now the nucleon 
self-energy (i.e. a diagram like in fig.3.2. but with an intermediate A state). Its contri- 
bution is non-vanishing in the chiral limit. Therefore, a counter term of the following 
form has to be added [3.25] (like in the relativistic theory of the nucleon alone) 



lOC^A^r 1 A .2A. 5M (3-73) 

0777-0 = " 



F3 



TT 



1 / .2A. 5 
L H ^ ln( — ) 



Clearly, such a contribution destroys the consistent power counting. However, from 
phcnomenological arguments, one might want to consider the quantity A as a small 
parameter. While this is not rooted in QCD, it might be worth to be explored in a 
systematic fashion. Such an analysis is, however, not available at present. Our point of 
view is that one should not include the A as a dynamical degree of freedom in the EFT 
but rather use it to estimate certain low-energy constants. While this might narrow the 
range of applicability of the approach, it at least allows for a consistent power counting. 

III.5. ASPECTS OF PION-NUCLEON SCATTERING 

Elastic pion-nucleon scattering in the threshold region can be considered the most 
basic process to which the CHPT methods can be applied. This is underlined by the 
Weinberg's very successfuU current algebra prediction [3.26] for the S-wave pion-nucleon 
scattering lengths, 

ai/2 = ^ - -2a3/2 = 0.175 (3.74) 
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Tomozawa [3.27] also derived the sum rule ai/2 ~ 0^3/2 = SMtt/SttF^ = 0.263 M~^. 
Empirically, the combination (2ai/2 + ci3/2)/3 is best determined from pion-proton scat- 
tering. The Karlsruhe-Helsinki group gives 0.083 ± 0.004 [3.28] consistent with 
the pionic atom measurement [3.29] of 0.086 ± 0.004 M~^. The value of ai/2 — 03/2 is 
more uncertain. The KH analysis leads to 0.274 ± 0.005 [3.30]. In what follows, 
we will use the central values from the work of Koch [3.28], namely ai/2 = 0.175 
and as/2 = —0.100 M~^. The agreement of the current algebra predictions with these 
numbers is rather spectacular. Therefore, one would like to know what the next-to- 
leading order corrections to the original predictions are. This question was addressed in 
ref.[3.22]. To be specific, consider the on-shell ttN forward scattering amplitude for a 
nucleon at rest. Denoting by b and a the isospin of the outgoing and incoming pion, in 
order, the scattering amplitude takes the form 

T'''' = T+{u)5'"' + T-{u)ie^'"'T'' (3.75) 

with q the pion four-momentum and u = v ■ q. Under crossing {a ^ b, q ^ —q) the 
functions and T~ are even and odd, respectively, T^{uj) = ±T^(— a;). At threshold 
one has q — and the pertinent scattering lengths are defined by 

The S-wave scattering lengths for the total ttN isospin 1/2 and 3/2 are related to 
via ai/2 = a'^ + 2a~ , 03/2 = a'^ — a~ . The abovementioned central empirical values 
translate into a+ = -0.83 ■ 10"^ M"^ and a" = 9.17 ■ 10"^ M'^ In what follows, we 
will not exhibit the canonical units of 10~'^ . The benchmark values are therefore 
a"*" = —0.83 ± 0.38 and a~ = 9.17 ± 0.17 compared to the current algebra predictions of 
a+ = and a" = 8.76 (using = 138 MeV and = 93 MeV). The empirical values 
for the forward amplitudes at threshold follow to be T'^{Mt^) = — 0.17± 0.08 fm and 
T~{Mt^) = 1.87 ± 0.03 fm. The four novel counter terms from C^^]^ which contribute 
to ttN scattering are Oi,02,03 and Og given in eq.(3.62). Due to crossing symmetry, 
'^Iat (these are the terms proportional to ci^2,3j cf eq.(3.36)) contributes only to T+(a;) 
whereas C^^^j- solely enters T~{iv). For the isospin even/odd threshold amplitude we 
derive the following chiral expansion 

r+(M,) = H^l^ (c, + C3 - 2c, - ^) + ^ + 0(Mi) (3.77) 
T-(M^) = || + - 21n^^L) + » - + 0{Mi) (3.78) 
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with 6'^(A) = -(S[(A) + B^{X) + S5(A) + 2B^{X))/{16n^F^). b has to be renormahzed 
as follows to render the isospin-odd scattering amplitude T~ (a;) finite, 

b = b''{X)-^ , (3.79) 

since Pi + (32 + P3 + 2/?4 = 1/2 (cf. eq.(3.62)). It is remarkable that there are no 
corrections of order and in T~{Mt^). The order has to be zero since crossing 
symmetry forbids any such counter term contribution which also must be analytic in 
the quark masses. For the loop contribution at order such an argument does not 
hold (loops can lead to non-analyticities), but an explicit calculation of all loop 
diagrams shows indeed that they all add up to zero. The various terms in eq.(3.78) arc 
the current algebra prediction, the expansion of the nucleon pole term, the one-loop 

and the counterterm contribution from C\j^, respectively. A is the scale introduced in 
dimensional regularization. In what follows, we will use A = = 1.232 GeV, motivated 
by the resonance saturation principle. Notice that the contact term contributions are 
suppressed by a factor with respect to the leading current algebra term. Matters 
are different for the isospin-even scattering amplitude T+. It consists of contributions 
of order and M^. From the form of eq.(3.77) it is obvious that the contact terms 
play a more important role in the determination of than for T~ . The most difficult 
task is to pin down the various low-energy constants appearing in eqs.(3.77) and (3.78). 
In ref. [3.22], ci was fixed as in eq.(3.64). The coefficients C2 and C3 where estimated 
from resonance exchange. This induces a dependence on the off-shell parameter Z as 
discussed in section 3.4. From the meson sector, scalar meson exchange can contribute 
to ci and C3, 

ci - -csl^ = ci - ci— (3.80) 

with 2cd/cm = L^/Ls- The central values for the parameters Cd and Cm given in rcf. [3.31] 
lead to 2cd/cm = 1.56. However, within the uncertainty of L5 and Lg, this ratio can 
vary between 0.75 and 2.25. The A and the A^*(1440) contribute to C2 + C3 and to 6(A) 



2mAil + Z) + - Z) 



9lR 
16(m + m*) 



C2 + C3|^. = - ,,,1-^, (3.81) 



{Z-\?^ R 



8m^ 32(m-|-m* 



Other baryon resonances have been neglected since their couplings are either very small 
or poorly (not) known.* Clearly, the contribution of the A?"* (1440) is only a small 



* A remark on the p-meson is in order. The chiral power counting enforces a ptttt 
vertex of order of the form vCp^^-n- = ^fpTTTr Tr (ppiy[i('*, it^]) [3.31]. In forward direction 
the contraction of the p~meson propagator with the corresponding ptttt matrix clement 
vanishes. Therefore, one has no explicit p-meson induced contributions to T~ of order q^ 
and q^ . 
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correction to the A-contribution. The numerical results are as follows. Consider first 
the amplitude T". Using = 138 MeV, = 93 MeV, m = 938.9 MeV, Z = -1/4 
and i? = 1, one has 

T" (M^) = (1.57 + 0.24 + 0.08 + 0.02) fm = 1.91 fm (3.82) 

where we have explicitely shown the contributions from the current algebra, the one 
loop, the nucleon pole and the counter terms. The total result is in good agreement 
with the empirical value. The largest part of the term comes from the pion loop 
diagrams. We should stress that only this loop contribution can close the gap between 
the Weinberg- Tomozawa prediction of 1.57 fm and the empirical value. As stated before, 
the uncertainties in h are completely masked by the small prefactor. If one chooses e.g. 
X — m, the loop contribution drops to 0.22 fm. The two-loop contribution carries an 
explicit factor and is therefore expected to be much smaller. In the case of the 
isospin-even scattering amplitude T"*", the situation is much less satisfactory. There are 
large cancellations between the loop contribution and the 1/m suppressed kinematical 
terms of order and M^. Therefore, the role of the contact terms is even further 
magnified. The total result for T"*" is very sensitive to some of the resonance parameters, 
the empirical value of can, however, be obtained by reasonable choices of these (cf. 
figs. 1 and 2 in [3.22] for the scattering length a"*"). A better understanding of the 
coefiicients of the contact terms appearing at order (and higher) is necessary to 
further pin down the prediction for T^{Mt^). 

Another quantity of interest is the so-called nucleon axial polarisability a a- It 
is related to the quenching of the axial vector coupling qa in the nuclear medium as 
discussed in detail in ref.[3.32]. Consider the standard helicity non-spin-fiip amplitude 
C = A + Bv{l — t/Am)~^ with v = {s — u)/Am and the conventional ttN amplitude 
is written as T^-at = A (^B. Here, A and B are functions of z/ and the invariant 
momentum transfer squared t. The axial polarisability is then defined as 



a A = 2c+ = 2^1+ (m^ + M ^ - t/2, + - t/2) 



(3.83) 



where the bar means that the nucleon Born term has been subtracted and we have also 
indicated the standard notation which refers to the expansion of C{v,t) around i/ = 0. 
Empirically, one has a a — 2.28 ± 0.04 [3.30]. To get a a, we calculate the on-shell 
ttN scattering amplitude in the cms and subtract the Born term, 

T+(a;, q', q) = to{u) + q'-qH{u) + ... (3.84) 

with the kinematics f-g = f-g'=a;~z^ and t — {q — q'Y = 2(M^ — + g' • g) (here, 
q and q are the momenta of the incoming and outgoing pion, respectively). The axial 
polarizability is then simply given by: 

ocA = ti{Q) . (3.85) 
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At order q^, we have the counterterm contribution proportional to C3 and at order g^, 
only loops contribute. The possible counterterm of order proportional to uq' -q gives a 
vanishing contribution to a a- The final expression of this calculation was already given 
in eq.(3.66). Estimating the value of C3 as discussed above, we find ctyi = 1.3 . . . 1.8 M~^, 
somewhat below the empirical value. It is important to stress (see also rcfs. [3.30,3.32]) 
that the A alone is not sufficient to get the empirical value but that one needs additional 
scalar exchange (as provided here through the resonance saturation). 

For the later discussion in section 6, we will have to consider the ttN amplitude 
for off-shell pions. For doing that, we choose the pseudoscalar density = iq^^T^'q as 
the interpolating pion field. The pion coupling via the pseudoscalar density is given in 
terms of G.,^, 

< 0|P^|7r" >=5"^G'^ , (3.86) 

where G^. is given as the residue of the vacuum correlator < Q\P"'P^\Q > at the pion 
pole. The off-shell nN amplitude is then defined via 

- J dW^^- < N\TiP^{x)P\0))\N _ M2](^^2 _ ^2) T'^'iQi, ^2) • (3.87) 

It is now a straightforward exercise to show that the amplitude calculated in this fashion 
obeys the Adler conditions, 

T+(,,=„ = 0) = -^ (3.88) 
T+{qj = 0, 9I = Mi) = T+{ql = Ml,ql = 0) = . 



Finally, we stress that GSS [3.5] have evaluated the full off-shell pion-nucleon 
amplitude in the framework of relativistic baryon CHPT and discussed the so-called 
remainder of the ttN cr-term derived from it. We will come back to these issues in 
section 6 because the cr-term is intimately related to the strangeness content of the 
nucleon and the baryon mass ratios. 

III.6. THE REACTION ttN ttttN 

Another reaction involving only pions and nucleons is the single pion production 
reaction ttN ttttN (for some older references, see [3.33]). The interest in this reaction 

stems mostly from the fact that it apparently offers a possibility of determining the 
low-energy tttt elastic scattering amplitude whose precise knowledge allows to test our 
understanding of the chiral symmetry breaking of QCD. However, at present no calcula- 
tion based on chiral perturbation theory is available which links the pion production data 
to the TTTT — > TTTT amplitude in a model-independent fashion. Consequently, all presently 
available determinations of the S-wave tttt scattering lengths from the abovementioned 
data should be taken cum grano salis. Over the last years, new experimental data in 
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the threshold region have become available [3.34-3.38] which allow for a direct compar- 
ison with the CHPT predictions. Beringer [3.39] has performed a tree calculation in 
relativistic baryon CHPT. In ref.[3.40] the chiral expansion of the threshold amplitudes 
was reanalyzed in terms of the heavy fermion formalism at next-to-leading order. 

To be specific, consider the process 7r"A^ tt^tt'^N, with denoting the nucleon 
(proton or neutron) and 'a, b, c' are isospin indices. At threshold, the transition matrix- 
element in the tt^AT centre-of-mass frame takes the form 

T = ia-k[Di{ 7^5"" + T^5"^) + D2 T^d^^] (3.89) 

where k denotes the three-momentum of the incoming pion and the amplitudes Di 
and D2 will be subject to the chiral expansion as discussed below. They are related to 
the more commonly used amplitudes A2i,i^^ , with / the total isospin of the initial ttN 
system and It^t^ the isospin of the two-pion system in the final state, via 



^32 = VlODi, Ao = -Si^i - 3L»2 (3.90) 

Assuming that the amplitude in the threshold region can be approximated by the exact 
threshold amplitude, the total cross section can be written in a compact form, 

2 

<ytot{s) = ^ ^/X{s,m^M^)Tsis)\r|lD^ + 7/2^^2!' ^ 
r (s) = J- r .TVnT + 2m){T^-T){T2-T) 



327r3 Jo T3 - T 

Ti =^(v^-m-M^i -M^2)(V^-m + M^i + M^2), 

T2 =-^(V^-m-M^i + M^2)(V^-m + M^i -M^2), 
zy s 

X{x, y, z) = + y'^ + - 2{xy + xz + yz) 

with s the total centre-of-mass energy squared. r3(s) denotes the conventional in- 
tegrated three-body phase space where and Mt^2 stand for the masses of the 
final state pions and one has the inequality < Ti < T2,3. \{x^y,z) is the Kallen- 
function. The 771,2 are channel-dependent isospin factors and 5" is a Bose symmetry 
factor. For yr+p n~^7:~^n and n~p 7r°7r°n we have iji = 2y/2, r]2 = 0, S = 1/2 and 
rji = 0, ?72 = a/2, S = 1/2, in order. In the threshold region, one can approximate to a 
high degree of accuracy the three-body phase space and fiux factor by analytic expres- 
sions as discussed in more detail in section 4. The chiral expansion of the amplitude 
functions Di and D2 takes the form* 

V = fo + hii+ f2fi^ +... (3.92) 



Here, V stands as a generic symbol for Di,2- 
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modulo logarithms. The first two coeflficients of this expansion have been calculated in 
ref.[3.40]. For that, one needs only C^s = -^^^-at + ^^^^n + '^^^ finds that none 

of the low-energy constants Cj will contribute (the sum of the corresponding graphs 
vanishes) . Notice that the much debated next-to-leading order tttt interaction does not 
appear at this order in the chiral expansion. One can therefore write down low-energy 
theorems for D12 which only involve well-known physical (lowest order) parameters, 



7r 



(3.93) 



TT 



There are potentially large contributions from diagrams with intermediate A(1232) 
states of the type / ( niA — to — 2M^ ), which numerically would be of the order 
10 • M^. As shown in [3.40], no such terms appear from diagrams involving one or 
two intermediate A resonances. Consequently, the chiral expansion is well behaved but 
not too rapidly converging. The order M^r corrections give approximatively 50% of the 
leading term. However, the calculations of Beringer [3.39] in relativistic baryon chiral 
perturbation theory indicate that further 1/to suppressed kinematical corrections are 
small. The numerical evaluation of eqs.(3.93) amounts to Di = 2.4 fm^ and D2 = —6.8 
fm3 or using eq.(3.90) 

A32 = 2.7 M-^ Aio = 5.5 (3.94) 



which compare fairly with the recent determinations of Burkhardt and Lowe (see 
ref.[3.35]), A32 = 2.07 ± 0.10 M'^ and ^10 = 6.55 ± 0.16 M-^. As stressed, however, 
in ref.[3.40], one can confront the LET eqs.(3.93) directly with experimental data and, 
furthermore, the global fit to the threshold amplitudes of ref.[3.35] has to be reexamined 
critically. The cross sections for n^p —>■ Tr'^TT'^n and 7r~p — > 7r°7r°n in comparison to the 
existing data are shown in fig.3.3. They compare well to the existing data for the first 
30 MeV above threshold. To get an idea about the higher order corrections, one can 
calculate the imaginary parts ImDi^2- Corrections to Re -Di,2 of the same size indeed 
turn to be such that they can improve the description of the data since the first/second 
reaction allows to test D1/D2, respectively. 

In addition, one finds that a best fit to these data leads to Di = 2.26 fm^ and 
D2 = —9.05 fm^ as indicated by the dotted lines in fig.3.3. Using eq.(3.90), this leads to 
-432 = 2.5 and = 8.0 somewhat different from the global best fit values 
of ref.[3.35]. We believe that the energy range covered by the fit in ref.[3.35] was too 
large to reliably extract the threshold amplitudes. In that fit, the data in the first 30 
MeV above threshold had too little statistical weight. 

Another important remark concerns the fashion in which the S-wave tttt scattering 
lengths are in general extracted from the nN — > ttttN data [3.34,3.35]. It is based on 
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tr* p -> TT* tt' n 




[GeV] 



TT" P -> TT^ TT^ n 




[GeV] 

Fig. 3.3: Total cross sections for w^p Tr+Tr+n and n~p — > n^n^n in com- 
parison to the data. Squares: ref.[3.36], octagon: ref.[3.37] and diamonds: 
ref.[3.38]. The dashed lines refer to an approximation discussed in ref. [3.4-0] 
and the dash-dotted ones show the best fit to these data as discussed in the text 
(the la-band is indicated by the dotted lines). 



the old Olsson-Turner model [3.33] which parametrizes the chiral symmetry breaking in 
terms of one parameter called ^. This is, of course, an pre-QCD artefact since we now 
know that the breaking via the quark masses is of the 3x3 form, i.e. ^ = 0. Therefore, 
one can no more accept such a parametrization. The essential question is now, how 
can one relate the tttt S-wave scattering lengths and the ttttN threshold amplitudes 
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in a model-independent way. This question is quite nontrivial. The Olsson-Turner 
model with ^ = only contains the tree level tttt scattering lengths. To establish a 
firm relationship between the tttt amplitudes and the ttN — > tttt AT data beyond leading 
order, one has to perform a complete one-loop calculation. This has not yet been done. 
As an estimate, however, we can combine the new low energy theorems for the rnvN 
threshold amplitudes (3.93) with Weinberg's low energy theorems for tttt scattering (i.e. 
the leading term in the chiral expansion). This way we derive 

The corrections of order M^^ arc taken care of by the calculation to order p'^ leading 
to eqs.(3.93) and what remains to be done is to systematically work out the various 
contributions at 0{M^). Ignoring these for the moment and inserting on the left hand 
side the present fit value, we extract Qq = 0.23 ±0.02 and Oq = —0.042 ±0.002 which are 
quite close to the CHPT prediction at next-to-leading order. We stress however, the a 
complete calculation of the 0{M^) corrections to the above relations is mandatory. We 
conclude that the values of the tttt S-wave scattering lengths can eventually be infered 
from the threshold ttN — > ttttN amplitudes. The complete one-loop calculation which 
would give a sound basis for doing that is, unfortunately, not yet available. At present, 
it seems that the most accurate fashion of determining in particular Oq are Ki4^ decays. 

III. 7. THE PION-NUCLEON VERTEX 

The last topic we want to address in this section is the pion-nucleon vertex, 
parametrized in terms of a form factor G-j^Nit). It plays a fundamental role in many 
areas of nuclear physics, in particular in the description of the nucleon-nucleon force via 
meson-exchange models. Before we discuss the details, let us stress from the beginning 
that while the strong pion-nucleon coupling constant Qt^n ^ G-j^Nit = —M^) can be un- 
ambigously calculated within CHPT, the ttN form factor depends on the choice of the 
interpolating pion field. Furthermore, if one writes a dispersion relation for G-j^N^t), one 
realizes that the absorptive part starts at to — {SM^^)'^. Therefore, within the context of 
a one-loop calculation, the momentum dependence of the form factor will entirely stem 
from some contact terms. 

After these remarks, consider the Breit frame matrix-element of the pseudoscalar 
density between nucleon states* 

<N{p')\iq^,Ty\N{p)>=2iB§^^^^^HS-{p'-p)T-H . (3.97) 

* The Breit frame is most convenient for the calculation of such matrix-elements since it 
allows for a unique translation of Lorentz-covariant matrix-elements into non-relativistic 
ones. 
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The form factor g{t) is generated by loop and counterterm contributions. In fact, the 
loop contribution is divergent and ^-independent, 

9it) = - 8^ * + B9, B20, . . .) (3.98) 

where the constant C sums up all t-independent terms. We do not need its explicit 
form in what follows. B23 is a finite low-energy constant from JC)^^, 

^^'l = B23-0^HiS-Dx-H . (3.99) 

The form factor g{t) features in the so-called Goldberger-Treiman discrepancy (for a 
review, see [3.41]). To be specific, let us look at the relation between the divergence of 
the axial current and the pseudoscalar density between nucleon states, 

2i?r%^^[l+^(0)] = ^^G, . (3.100) 

On the other hand, the strong pion-nucleon coupling constant is defined via the residue 
of the pole term in (3.97), 

2Bi^§A[l + g{M^)]=g^NG^ , (3.101) 
which leads to the Goldberger-Treiman discrepancy 

A.^ = 1 - ff^ = 9{M'.) - 9(0) = 523 . (3.102) 

Notice that Attjv is entirely given by the low-energy constant 611. With tun = 938.27 
MeV, = 92.5 MeV, gA = 1.257 and g^N = 13.3* we find 

A^N = 0.04 , B23 = -1.433 . (3.103) 

If one now describes the whole Goldberger-Treiman discrepancy by a form factor 
effect, one identifies the nucleon matrix-element of the pseudoscalar density with 
G^G^N{t)/{Ml - t), so that 

GMt)^9M^+9{t)-9{M^)] . (3.104) 



* In general, we use the Karlsruhe-Helsinki value of gj^N — 13.4 [3.30]. In light of the 
recent discussion about the actual value of this quantity, we have adopted here the most 
recent value proposed by Hohler. 
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Assuming furthermore the standard monopole form, GttjvI^) = (A^ — M^)/(A^ — t), one 
can calculate the cut-off A, 

47]- /r 

A = = 700 MeV , (3.105) 

V— 2-B23 

close to the result found by GSS [3.5] in the relativistic calculation. However, we stress 
again that this result depends on the choice of the interpolating field and that it is 
based on the assumption that the whole Goldberger-Treiman discrepancy is due to a 
form factor effect. 
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IV. NUCLEON STRUCTURE FROM ELECTROWEAK PROBES 



In this section, we will mostly be concerned with the nucleon structure when real or 
virtual photons are used as probes. This is of particular interest for the physics program 
of the existing CW electron machines and intense light facilities. Topics included are 
Compton scattering (spin-averaged and spin-dependent) and the classical field of single 
and double pion production by real or virtual photons (see e.g. the monograph [4.1]). 
Another well-understood probe are the VF-bosons. Their interactions with the hadrons 
lead to the axial form factors and can also be used to produce pions. These topics will 
be discussed at the end of this section. 

IV.l. ELECTROMAGNETIC FORM FACTORS OF THE NUCLEON 

The coupling of the photon to the nucleon has an isoscalar and an isovector compo- 
nent. The chiral expansion of the electric and the magnetic form factors of the neutron 
and the proton amounts to a calculation of the corresponding radii, magnetic moments 
and so on. Evidently, the further one goes in the loop expansion, higher moments of 
these form factors are tested. Here, we will concentrate on the form factors at small mo- 
mentum transfer. As it was already mentioned in section 3, the existing precise data on 
these nucleon properties are mostly used to fix the values of some low energy constants. 
However, it is important to understand the interplay of the loop and the counter term 
contributions and also to critically examine the absorptive parts of the isovector form 
factors. 

First, let us consider the matrix-element of the isovector- vector quark current. 



Y«(p) (4.1) 



with k = p' — p and t = k"^. This defines the so-called Dirac {FY) and the Pauli {F^) 
form factors. These are related to the proton and neutron form factors 2 and F^2 via 



FY {k') = F{{e) - Fi\e) 

FY{e)^F^{k')-F^{k'). ^ • ^ 

At zero momentum transfer, we have FY{0) = 1 and F^iO) = Kp — Kn = 3.706. In 
relativistic baryon CHPT, these form factors have been discussed by Gasser et al. [4.2]. 
Here, we will elaborate on the heavy fermion approach following ref.[4.3]. For that, one 
rewrites eq.(4.1) in the Breit frame as 



<N{p')\qj^^q\N{p)> 



FYit) + ^Fy{t) 



4m^ 



(4.3) 
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This corresponds to the standard decomposition into the electric and magnetic form 
factors GE{t)^ Fi{t) +TF2{t) and Gm(0 = Fi{t)+F2{t), with r = t/4m%. The Dirac 
form factor F^{t) is readily evaluated, 



Fr{t)^i+-< 



t 



9l 



F2 -Jit) + ^ 

TV TV 



(4.4) 



with the loop functions J{t) and ^{t) given in appendix B, and ^{t) — ^{t) — t^'{t). It 
can be shown analytically that the sum of all loop diagrams does not modify the tree 
level result, FY{0) = 1. This is, of course, nothing but the charge non-renormalization 
by the strong interactions. The isovector charge radius 



< >r= 6 



.dFnt) 



dt 



(4.5) 



t=o 



diverges logarithmically in the chiral limit, 

5g 



< r 



87T^F3 



+ 1, fM^. 



791 + 1 

167r2F2 ' 47r2F2 



+ 



r5[o(A) 



(4.6) 



where the last term stems from a countertcrm of order q"^ (cf. eq.(3.62)). It is worth to 
stress [4.2] that the coefficient of the logarithm in cq.(4.6) is nine times bigger than in the 
corresponding expression for the pion charge radius and therefore this term contributes 
significantly even for the physical value of the pion mass. This poses a severe constraint 
on any serious attempt of modelling the nucleon (say from a quark model point of view). 
To reproduce the empirical value < >Y= 0.578 fm^, one has to set i?[o(^) = —0.13.* 
For BlQ^rh) = 0, one would get < >Y= 0-62 fm^, 8 % above the empirical value. 



The Pauli form factor F^ {t) takes the very simple form 



F^t) = C6 - ^ dxVM^ + tx{x-l) 



(4.7) 



which involves the low-energy constant cq to be identified with the isovector anomalous 
magnetic moment in the chiral limit, cg = Ky- To order q^, we find for the isovector 
anomalous magnetic moment. 



Kv = ce 



g\M^m 
47tF^ 



(4.8) 



* We choose here X = m because of the matching conditions discussed in ref.[4.3]. 
Naturally, any other choice of A would do as well since physical observables do not depend 
on the renormalization scale. 
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where the second term is the leading non-analytic piece proportional to first found 
by Caldi and Pagels [4.5]. Setting cq = 5.62, one reproduces the empirical value given 
after eq.(4.2). The loops generate a correction of about —34 %. The value of ce ^ 6 
is not quite surprising if one thinks of generating the corresponding contact term via 
p-mcson exchange. The tensor coupling of the p to the nucleon is Kp ~ 6. However, we 
should point out that such an estimate depends cucially on how one chooses the pNN 
and p7 couplings. The isovector magnetic radius. 



Kv dt 



(4.9) 



explodes like 1/M^ in the chiral limit [4.4] and is not affected by any counter term 
contribution to order [4.2], 



< ^^^4r = 0-50 fm^ (4.10) 

to be compared with the empirical value of < >2= 0-77 fm^. It is interesting to 
compare these results to the ones of the relativistic calculation [4.2]. It becomes obvious 
that the role of the loop versus the counter term contributions is rather different. In 
[4.2] it was shown that one has to choose — to get the empirical value of t^y. This 
is due to the additional terms generated by the relativistic one loop diagrams beyond 
the leading non-analytic term in eq.(4.8) at 0{q^) (compare the discussion about the 
power counting in section 3.1 and fig.3.1). In the heavy fermion formalism, one loop 
diagrams with insertions solely from the lowest order effective Lagrangian only generate 
the term ~ in the isovector magnetic moment. A similar statement also holds 
for the isovector radius, the heavy mass calculation to order just gives the leading 
singularity. 




Fig. Two-pion cut contribution to the nucleon isovector electromagnetic 

form factors. 

Let us now take a closer look at the imaginary parts of the isovector form factors 
FY2{t) (foi" similar discussions, see refs. [4.2,4.6,4.7]). As first observed by Frazer and 
Fulco [4.8] and discussed in detail by Hohler and Pietarinen in connection with the 
nucleon electromagnetic radii [4.9], Im FY2it) exhibits a very strong enhancement close 
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to threshold, to = 4M^ (the two-pion cut). To be specific, consider FY{t). At low 
momentum transfer, its absorptive part is dominated by diagrams like the one shown in 
fig.4.1, i.e. 



lmFnt) = —^^F:{t) 



H - , - ^^^^^^ 



with qt = \/t/A — M^, ^^^(t) the pion charge form factor and f±{t) the P-wave nN par- 
tial waves in the t-channel. The latter are calculated from the standard irN amplitudes 
and B"^ via projection involving ordinary Legendre polynomials [4.10]. In this pro- 
cedure, the nucleon pole term of the ttN amplitudes proportional to l/(s — m^) gives rise 
to Legendre functions of the second kind, Ql{Z), which have logarithmic singularities 
and a cut along — 1 < Z < 1. Consequently, if one continues the partial waves f±{t) to 
the second sheet, they have a logarithmic branch point at Z = cos 9t — rav j (ptqt) = — 1, 
with pt = \/t/4 — m? and v = {t — 2M^) /Am. This translates into 

tc = AMI - M^/m^ = 3.98 (4.12) 

very close to the physical threshold at to = 4M^. The isovector form factors -Fi^2(0 
inherit this logarithmic singularity (branch point) on the second Riemann sheet. Actu- 
ally, the same phenomenon occurs in the scalar form factor of the nucleon* (for more 
details, see ref.[4.10]). Naturally, one asks the question whether this phenomenon shows 
up in the chiral expansion. Let us first consider Im F2{t) in the relativistic formulation 
of baryon CHPT. Following Gasser et al. [4.2], one has 



4Im74(t) + Imr4(t) 



(4.13) 



where the loop functions and their imaginary parts 74 and r4 are given in ref.[4.2]. For 
our purpose, we only need Im 74 (t) since its threshold is the two-pion cut whereas 
Im r4(t) only starts to contribute at t = 4m^. The resulting imaginary part for 
Im F2 {t)/t^ is shown in fig. 4. 2 (solid line). One sees that the strong increase at threshold 
is reproduced since the chiral representation of Im 74 (t) indeed has the proper analytical 
structure, i.e. the singularity on the second sheet at tc [4.2]. The chiral representation 
of Im F^ {t)/t^ does not stay constant on the left shoulder of the p-resonance but rather 
drops. This is due to the fact that in the one loop approximation, one is only sensitive 
to the first term in the chiral expansion of the pion charge form factor F^ {t). Indeed, 
if one sets F.,^{t) = 1 in eq.(4.11), the one loop result reproduces nicely the empirical 
curve (as discussed in more detail in ref.[4.7]). This particular example shows that in 



* In case of the nucleon scalar form factor, this singularity at tc stems from the partial 
wave amplitude f^{t). 
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Fig. 4-2: Chiral representation of Im {t)/t'^ (t in units of the pion mass) in 
the relativistic formulation of baryon CHPT [4 -2] (solid line) and in the heavy 
mass approach (dashed line) [4- 3, 4-6]. 



the relativistic version of baryon CHPT the pertinent analytical structures of current 
and S-matrix elements are given correctly. 

Let us now turn to the heavy mass approach. The corresponding imaginary part 
follows from ref.[4.3], 

luiF^it) = (t - AMl] Q{t - AMI) (4-14) 



Here, the imaginary part behaves as g| close to threshold and not as as demanded 
by (4.11). One furthermore finds that F^ {t) goes like \a{2M^ - Vi) and t = AMI is a 
logarithmic branch point in the heavy mass approach. This incorrect analytic structure 
is an unavoidable consequence of the heavy mass limit (m = oo), in which the square 
root branch point to and the logarithmic branch point tc (on the second sheet) coincide. 
Nevertheless this leads to an enhancement of the imaginary part of F^ (t) / 1"^ as shown by 
the dashed line in fig.4.2. The enhancement is stronger than in the relativistic case and 
stronger than the empirical one (for F.,^{t) = 1). In order to get the proper separation 
of the singularities to and tc one should therefore perform an order calculation in the 
heavy mass approach. 

We also would like to discuss the imaginary part of the isovector Dirac form factor 
FY{t). In the heavy mass approach, it reads 



ImF; (t) 



967rF2 



t-AMl + gl{U-^Ml) 



(4.15) 
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One can show, that this form is exactly the m = cxo hmit of the corresponding expression 
given in [4.2]. The imaginary part Im FY it) in the heavy mass hmit shows an abnormal 
threshold behaviour, close to threshold it grows linear in and not like g| as demanded 
by eq.(4.11). At the moment we are not able to give a precise explanation for this phe- 
nomenon, but certainly it must have to do with the coalescence of the two singularities 
to and tc and the behaviour of the t-channel amplitudes /j_ in the heavy mass limit. 
The main lesson to be learned from this investigation of the imaginary parts is that the 
heavy mass formulation also has its own disadvantages. In the infinite nucleon mass 
limit the analytical structure (poles and cuts) of certain amplitudes may be disturbed 
and this may be a hindrance in order to make contact to the dispersion theory. 

Finally, a few words about the isoscalar form factors are in order. To one loop 
accuracy, they are determined mostly by some contact terms. For example, the isoscalar 

magnetic moment, ks = Kp + Kn follows to be ks = ^c-j + ky (as defined in C^^l^ ) and 
the isoscalar charge radius < >f is determined by the finite low energy constant 
69 + 269 (cf. eq.(3.23)). To access the three pion-cut, at which the absorptive parts 
of the isoscalar form factors start, one has to perform a two loop calculation. Such 
a two loop calculation will also answer the yet unresolved question whether or not 
in the isoscalar channel there is an enhancement around t — 9M^. State of the art 
dispersion theoretical analyses of the nucleon form factors assume only a set of poles in 
the corresponding spectral distributions [4.10]. Finally, we wish to stress that in this 
context the matching formalism discussed in ref. [4.3] starts to play a role (which allows 
to relate matrix-elements in the heavy mass and relativistic formulation of CHPT) since 
ultimately one might want to combine the chiral constraints with dispersion theory. 

IV.2. NUCLEON COMPTON SCATTERING 

Low energy Compton scattering of the nucleon is particularly well suited to inves- 
tigate the structure of the nucleon since the electromagnetic probe in the initial and in 
the final state is well understood. In this section, we will first discuss the general formal- 
ism of Compton scattering and then elaborate on the nucleon structure as encoded in 
the so-called electromagnetic (Compton) polarizabilities (cc, /3) and the spin-dependent 
polarizability (7). We will only consider Compton scattering which allows for a unique 
field-theoretical definition and empirical extraction of these quantities. We eschew here 
the commonly used but theoretically uncertain non-relativistic treatment of these nu- 
cleon structure constants.* 

The T-matrix for the process 'y{k) + p{p) l{k') + p{p') in the gauge eo = = eg 
for real photons , e ■ k = = e' ■ k' , and in the centre-of-mass system /cq = /cg = a; and 
t = {k- k' f = -2^2(1 - cos 6') takes the form [4.11] 

T =e^{e' -eAi + €'-ke-k'A2 + ia-{e'xe) As + ia -{k' xk)e' -lA^ 

+ ia ■ [(e' xk)e-k'-{exk')e'-k\A5 + ia- [(e' x k')e ■ k' - (e x k)e' ■ k] Aq} 

(4.16) 

* We thus drop the overbar which is frequently used to denote the Compton pola- 
rizabilities. 
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using the operator basis of ref.[4.12]. The Ai are real below the pion production thresh- 
old, uj < Mtt- From these, one can directly calculate physical obervables like the unpo- 
larized differential cross section as well as a set of asymmetries for scattering polarized 
photons on polarized protons. The unpolarized differential cross section in the cm sys- 
tem is 

+ {A3A4 + 2A3A5 - A1A2) COS 9] + LO^ sin^ 9 [^Aj sin^ 9 + + cos^ 9) (4.17) 

+ ^5(1 + 2cos^ 9) + 3Al + 2Ae{A4 + 3A5) cos9 + 2A4A5 cos^ 9] 

with a = c^/Att. The asymmetry for scattering circular polarized photons on polarized 
protons A\\ (i.e. the proton spin parallel or antiparallel to the photon direction k) is 
given by 

-^11 =^ - = ;;iT^ sm^ - A.AsH + cos^ 9) 

- uj^ sin^ 9 [Ae{Ai + 3A3) + (3A3A5 - A^A^ + A3A4 - A^As) cos 9] (4.18) 

- a;^ sin^ 9 [^5(^2 - A4) sin^ 9 + AA^Aq cos 9^2AI^ 2AI cos^ 9)] 



Furthermore, we define the perpendicular asymmetry A± by considering right-circularly 
polarized photons moving in the z-direction scattering on protons with their spin point- 
ing in positive or negative x-direction, k ' = a; (sin 9 cos 0, sin 9 sin 0, cos 9), 

^^=^-^ = I ^3(^3 - ^1) cos ^ + [{A, A, + A^A,) sin^ 9 

+ AsA^il + cos'^ 9) + AsA^iScos'^ 9 - 1) + 2A3A6COS9] (4.19) 
+ a;^ sin^ 9 [^5(^2 + A4 - 2A5) + ^5(^2 - A4 - 2A5) cos 9] | sin 9 cos 

(/) is (in coordinate-free language) the azimuthal angle (around the axis defined by the 
photon momentum) measured with respect to the plane spanned by the photon mo- 
mentum and the nucleon spin. Clearly, if one changes the difference in eqs.(4.18,4.19) 
to a sum one gets in both case just twice the unpolarized cross section. Letting the 
nucleon spin point in y-direction results in coscf) sin0 in (4.19). If one uses left 
circular polarized photons instead of right circular polarized ones, then both asymme- 
tries eqs.(4.18,4.19) change sign. One can also define a general asymmetry, which means 
right-circularly polarized photons moving in z-direction scatter on polarized protons and 
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the proton spin lies in the xz-plane inchning an angle 5 with the z-axis. We consider the 
difference of cross section for this configuration and the one with reversed proton spin. 
The corresponding asymmetry reads 

A(S) = cos 5 A\\ + sin 5 A_l . (4.20) 

A{S) gives the asymmetry for the most general spin alignment configuration. 
In forward direction, the Compton scattering amplitude takes the form 

i^T(a;) = A (a;^) e'* -e + ico Mu;') a ■ {t* x e) (4.21) 

where the spin-nonflip (/i(a;)) and the spin-flip (/2(c<-')) amplitudes have the low energy 
expansions, 

/i(u;2) = A(0) + (a + /3)c^2 + O((^4) 

/2(c^')=/2(0) + 7'^' + (^('^') ■ 

in terms of the electric (a), the magnetic (/3) and the so-called "spin-dependent" (7) 
polarizabilities. The Taylor coefficient /i(0) is given by gauge invariance, 

which means that very soft photons only probe global properties like the charge {Z) and 
the mass m of the spin-1/2 particle they scatter off. Eq.(4.23) constitutes a venerable 
low-energy theorem (LET). There exists also a LET for the Taylor coefficient /2(0) due 
to Low, Gell-Mann and Goldberger [4.13]. Using gauge invariance, Lorentz invariance 
and crossing symmetry, they proved that 

where k denotes the anomalous magnetic moment of the spin-1/2 particle the photon 
scatters off. The nucleon structure first shows up in the the next-to-leading order terms 
parametrized in terms of the various polarizabilities. Using the optical theorem, one can 
derive the following sum rules 

Ke fiiuj) = TT^r I aw — ^ - 

1 rl 

a + P=^l ^[a+{u;) + a.iiv)] (4.25) 



^ = -4^1 ^M-)---M] 
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with a"tot(i-<^) = +'^-(^))/2 the total photo-nucleon absorption cross section and 

(T±{u!) the photoabsorption cross section for scattering circularly polarized photons on 
polarized nucleons for total 7 AT helicity 3/2 and 1/2, respectively, loq — + M^/2m is 
the single pion production threshold. Assuming furthermore that the amplitude /2(a;) 
satisfies an unsubtracted dispersion relation, Drell, Hearn and Gerasimov (DHG) derived 
the sum rule 



^0)=/ — [(J_(a;)-(7+(a;)] = -— . (4.26) 
One can generalize this to the case of virtual photons (/c^ < 0) via 

/■OO 7 

with ijjQ = + {M^ — /c^)/2m. This extended DHG sum rule will be discussed later 



on. 



We turn now to the calculation of the cms amplitudes in heavy baryon CHPT (the 
polarizabilties to this order are discussed for the relativistic approach in ref.[4.15] and 
for the heavy mass calculation in [4.3]). For that, one has to consider nucleon-pole 
graphs ( expanded up to 1/m^), - exchange and pion loop diagrams. It is important 
to note that to this order the only contact terms entering are the ones which generate 
the anomalous magnetic moment. The prediction for the various nucleon polarizabilities 
will therefore be given entirely in terms of lowest order parameters. Consequently, one 
has a particularly sensitive test of the chiral dynamics in the presence of nucleons. For 
the invariant functions Ai one finds (we only give the results for the proton) 



larctan^ 

2 2M 



I^JMI - a;2^2 



(4.28a) 



ma;2 SttF^ (-t)3/2 



arctan 



(l-^)v^ 2{l-z)y/t{uj-^z'^ -Ml) 



4:Ml -Aiv^z'^ -t{l- z)^_ 

(4.286) 



A, 



2m? 



[1 + 2k - (1 + nfcose] + 



QAtUJ 



+ 



9l 



47r2F2 







87r2F2(M2-t) 87r2F2 

1 



M. 



arcsin^ 



Mi 



— LO 



, 9a 4 ■ 2n f\ f\ X{l-X)z{l-Z 

+ ■ o „o sm B i ax i clz 







ujz uJzW 



(4.28c) 
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(1 + ^)^ 
2m?uj ' 47r2F2 



+ 



9l 



dx 



, zil — z) . UJZ 
dz — — — arcsm — 
W R 



(4.28d) 



(1 + ^) 



9\ 



+ 



^ 9 ^xfl — x)^(l — 2;)^ / . 
2a;^ cos 6*-^ i-^ — arcsm — + 



{\-zf uz 



ujzW 



R 



i?2 



(4.28e) 



with 



1 + ^ 9A^ 9 a /"\ 



(4.28/) 



W = ^JMI - a;2z2 + til - zYxix - 1), i? = Ml ^t{l - z^xix - 1) {4:.28g) 
From this, one can read off the poiarizabiities as [4.3,4.15] 



3847r2F2M^ 



7p = Ir. 



967r3F2M2 



(4.29) 



since the isospin factors in the diagrams contributing to cc, /? and 7 are the same for the 
proton and the neutron. Before discussing the numerical results for the cross sections, 
asymmetries and polarizabilities, let us compare to the recent enumeration of third- 
order spin polarizabilities by Ragusa [4.16]. Denoting by Ai the Compton amplitudes 
with the Born terms subtracted, we can identify 



,2 Q2 



7r I" 



2 n 2 2 

011 + 03(0) = — ^ii (0,0) = /5p= — — 



(4.30a) 

(4.306) 
(4.30c) 



7r I" 
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a.,. + 7. - 7. - 274 = ^^^3(0, 0) = 7 = j^^^^ (4.30d) 
a.,-7.-27. = |^a^ia(0,0) = ^^^^;|^ (4.30e) 

Of particular interest is the so-called Compton amplitude f]f^ recently studied in [4.89] 
(and references therein) which displays a strong unitarity cusp. We like to discuss it 
briefly here. The set of Compton functions introduced in (4.16) is complete, consequently 
one can project out via 

2 /■ + ! 



X 



[(Ai - A3)(i + e) + ^'(2^5 + - ^2)^(1 - e)] 



The soft photon limit in this case is (0) = -eV(127rm). Evidently, the one-loop 
representation has a branch point at a; = M^r and therefore also a cusp. The numerical 
investigation indeed shows this cusp but it turns out to be rather weak at one-loop order 

We now discuss the numerical results based on the one-loop (order q^) invariant 
amplitudes, eqs.(4.28). First, if we set qa — 0, only the nucleon Born graphs expanded 
in powers of 1/m contribute. For energies below the pion production threshold, the 
corresponding differential cross section is within a few percent of the exact Powell cross 
section [4.17], 



da 



-(—^)\-^ + -^- sin^ + 1 - cos 9i^f 

Powell 2\mE^J[Ei^ E^ w? 



+ \^ 4(1 - cos^l) + -(1 - COS^l)' 

K^E^E' ^ ^ ^ „ ^ k'^E^E' , 1 „ , 

+ [2(1 - cos 9^) + sin^ 6^] + -^^{l + 2 si^' ^l) 



E' - 



(4.32) 



^ 1 + ^(1-cos^l) 
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Fig. 4-3: The unpolarized data from ref.[4-18] in comparison to the chiral ex- 
pansion of the Compton amplitude for 9^, = 135°. The dashed, dash-dotted and 
solid lines represent the Born, Born + -exchange and Born + -exchange 
+ loop results. If one approximates the loop contribution by the electromagnetic 
polarizabilities as described in eq.(4-33), the dotted line results. 



where the scattering angle 6'l and the photon energy in the laboratory system are 
related to the cms quantities 6 and oj via cos 9 = {m+ (m+Ej) (cos 9i, — l))/{m+E^{l — 
cos^l)) and u = E^/y^l + 2Ej/m, respectively. 

The chiral expansion to order q'^ (solid line) reproduces well the differential cross 
section data of Federspiel et al.[4.18] as shown in fig. 4. 3. (the corresponding results for 
9i, = 60° look very similar) . In this figure it is also shown that the Born graphs together 
with the 7r°~exchange contribution are not sufficient to describe the data. However, as 
indicated by the dotted line in fig. 4. 3, one is not sensitive to nucleon structure effects 
beyond the electromagnetic polarizabilities (the l/M7r-terms). In this latter case, the 
loop contributions to the Ai are given by 

We will discuss these polarizabilities in more detail later on. If one adds the contribution 
from static A exchange (which starts at order g^) the corrections are not dramatic. In 
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any case, for a truely meaningful comparison one would have to take into account a host 
of other terms. The parallel asymmetry generically changes sign around 90 degrees 
from negative to positive values as shown in fig.4.4 for = 70 MeV. This is not at all 
evident from eq.(4.18) since there is no overall cos ^-factor. For the same photon energy, 
we also show the perpendicular asymmetry in fig.4.4. In both cases, the effects from the 
nucleon structure encoded in the loop contributions of the Ai are small. Only for energies 
LO > 100 MeV one is somewhat sensitive to these structure terms. From an experimental 
point of view, only an extremely precise measurement of such asymmetries could shed 
light on the nucleon structure. An accuracy as for the unpolarized case [4.17] is certainly 
insufficient. If one trusts the approximation up to the pion production threshold, one 
finds agreement with the few Saskatoon data [4.18] in this range. In this energy range, 
loop effects are more significant and could be detected experimentally. However, the 
competing contribution from the A (and possible other q"^ effects) becomes appreciable 
and makes the analysis of such data much less clear-cut. 

Let us now take a closer look at the electromagnetic polarizabilitics of the proton 
and the neutron. These have been rather accurately determined over the last years. 
For the proton, if one combines the Illinois [4.18], Mainz [4.20] and Saskatoon [4.19] 
measurements together with the dispersion sum rule, {a + 0)p = (14.2 ± 0.3) • 10~* fm^ 
[4.21], one has 

ap = (10.4 ± 0.6) • 10"^fm^ , Pp = (3.8 ^ 0.6) • 10"^fm^ . (4.34a) 

Similarly, the dispersion sum rule (a + (3)n = (15.8 ± 0.5) • 10~^ fm*^* [4.22] together 
with the recent Oak Ridge [4.23] and Mainz [4.24] measurements leads to 

ttn = (12.3 ±1.3) •10-^fm^ = (3.5 T 1-3) ■ 10-W . (4.346) 

Notice that we have added the systematic and statistical errors of the empirical determi- 
nations in quadrature. The salient features of these experimental results are that both 
the proton and the neutron behave essentially as induced electric dipoles and that their 
respective sums of the electric and magnetic polarizabilities are almost the same. We 
should also point out that due to the strong magnetic Ml NA transition, one naively ex- 
pects a large contribution from the A resonance to the magnetic polarizabilities. These 
empirical features are already well represented by the lowest order (g^) results (4.29), i.e. 
ctp — C(n — 13.6 • 10~^fm^ and /3p = /3n = 1-4- 10~'^fm^. It is also worth to stress that the 
electromagnetic polarizabilities explode as 1 /M in the chiral limit since the photon sees 
the long-ranged pion cloud (compare the chiral limit behaviour of the isovector form- 
factors discussed in section 4.1). However, at this order one has no isospin breaking (if 
one works in flavor SU(2)) and solely nucleon intermediate states can contribute in the 

* Notice that the uncertainty on the sum rule value for the neutron is presumably 
underestimated since one has to use deuteron data to extract the photon-neutron cross 
section. 
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e,^s [degrees] 

Fig. 4 ■4' The parallel and perpendicular asymmetries for = 70 MeV. For 
notations, see fig.4- 3. In case of A± we have set cos0 = 1. 



pertinent graphs. In ref.[4.25], a systematic analysis of all effects was presented. 

In addition to the one-loop diagrams with insertions from C^^lf, one also has to include 
one loop graphs with exactly one insertion from C^]^ and contact terms from C^lf, 



^nN = - SPr,)Hf+J'l''H+—5f3r,HHT:Tf+J^ 

TT 



+ TT^ (5«n + SPn - Sap - 5l3p)Hf+fl^Hv>'vx (4.35) 



- 2^ {5an + 5l3n)HH It (/+ /i^)i;^i;A 

The unknown coefficients we have to determine are the four low-energy constants Sap, 
5ani SPp and SPn (see below). The contact terms of order entering (01,2,3) have 
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already been determined (see section 3). From that, one derives the foUowing formulae 
for the electric and magnetic polarizabilities of the proton and the neutron {i = p, n) 



Pi 



5Cg\ ^ C 



AM, 



c 



with 



8M^ ^ TT 



^ m ' A 4 ^ 2m 



1 'V^Qa 



(^-c.)ln^^ 



m 



A 



^4* 



m 



- 6C2 + c+) 
+ 2C2 - c+) 



+ 5<(A), 
+ 5/3[(A). 



(4.36) 



= 4.36 • 10-^fm% 



967r2F2 

Xp — 9 , Xfi — 3 , Up — 71 , — 39 , 



3y„ 3 H" tha 5 X„ 1 



'37 / 13 . 



(4.37) 



-8ci + 4c2 + 4c3 - 



2m 



At this order, the loop contributions to the polarizabilities contain divergences which can 
be absorbed in the counter terms. The corresponding renormalization prescription 
reads: 



5q!,- = 



67rF2 



C2-^]+SPliX) (4.38) 



m 



The results shown in eqs.(4.37) have the following structure. Besides the leading l/M^r 
term [4.3,4.15], 0{q'^) contributions from the loops have a InM^r and a constant piece 
~ M^. As a check one can recover the coefficient of the IuMtt term form the relativistic 
calculation [14.15] if one sets the new low energy constants Cj and Ks,v = 0. In that case 
only the 1/m corrections of the relativistic Dirac formulation are treated and one nec- 
essarily reproduces the corresponding non-analytic (logarithmic) term of this approach. 
The term proportional to C2 InM^ in eqs.(4.37) represents the effect of (pion) loops with 
intermediate A(1232) states [4.26] consistently truncated at order g^. We should stress 
that the decomposition of the loop and counter term pieces at order q'^ has, of course, 
no deeper physical meaning but will serve us to separate the uncertainties stemming 
from the coefficients accompanying the various contact terms. Notice that from now 
on we will omit the superscript V on dal{X) and Sf3l{\) appearing in eqs. (4.36,4.38). 
The estimation of these low energy constants is discussed in great detail in ref.[4.27]. 
The A(1232) enters prominently in the determination of the four low-energy constants 

from jC^^pj-. Therefore, we will determine these coeflBcients at the scale A = rriA (this 
induces some spurious scale-dependence since we do not treat the remainders as e.g. in 
eq.(2.52)). In particular, one gets a sizeable contribution to the magnetic polarizabili- 
ties due to the strong A'"A Ml transition. A crude estimate of this has been given in 
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ref. [4.28] by integrating the Ml part of the total photoproduction cross section for single 
pion photoproduction over the resonance region. However, this number is afflicted with 
a large uncertainty. If one simply uses the Born diagrams with an intermediate point- 
like A, one finds a result which strongly depends on the strength of the ^NA coupling 
and on the off-shell parameter Y which is related to the electromagnetic interaction 
^^NA ("^6 ^Iso give 

^jNA used below) [4.32] 
4iVA = ^A'^G^.(r)7.75T3*F^^ + h.c. 

C^^NA = -^A^e^.(X)75T3(9A*)F-^ + h.c. (4.39) 
e^.(/) = ^^.+ [^(1 + 4/)^ + /] , I = X,Y 



where denotes the Rarita-Schwinger (spin-3/2) spinor, the T's are the isospin 1/2 —> 
3/2 transition operators. The parameter A does not appear in any physical observable 
and can therefore be chosen to be ^ = —1. These parameters (^fi, gf2, X, Y) are not very 
well determined. A conservative estimate therefore is 



SPpiruA) = 8(3^ {m a) ^ (7.0 ± 7.0) • lO-'^fm^ (4.40) 

invoking isospin symmetry. Clearly, the large range in the value for 6(3^ is unsatisfactory 
and induces a major uncertainty in the determination of the corresponding countert- 
erms. We choose the central value of eq.(4.40) as our best determination [4.25,4.27]. In 
ref. [4.29], the A(1232) was included in the effective field theory as a dynamical degree 
of freedom and treated non-relativistically (like the nucleon) . There, it was argued that 
the A Born graphs have to be calculated at the off-shell point a; = 0. This effect can 
reduce the large 513^ by almost an order of magnitude. This is reminiscent of the off- 
shell dependence discussed before. Furthermore, as already pointed out in ref. [4. 15], the 
relativistic treatment of the A(1232) also induces a finite electric polarizability at order 
q^. This contribution depends strongly on the 7AA^ couplings gi and g2 as well as the 
two off-shell parameters X, F, cf. eq.(4.39). We thus assign an uncertainty of ±2 • 10~^ 
fm^ to the theoretical predictions for the electric polarizabilities. Another contribution 
to the coefficients 5ai{\) and 5f3i{\) comes from loops involving charged kaons [4.30]. 
Since we are working in SU(2), the kaons and etas are frozen out and effectively give 
some finite contact terms. These have been estimated in refs. [4.25,4.27]. One finds 
5ap{mA) — 1-31 • 10~'^fm"^ and 6a^{'mA) — 0.13 • 10~'^fm^. The corresponding num- 
bers for the kaon contributions to the magnetic polarizabilities are a factor 0.12 smaller. 
These values might, however, considerably overestimate the kaon loop contribution. In- 
tegrating e.g. the data from ref. [4.31] for — > KA,K12^, one gets a much smaller 
contribution since the typical cross sections are of the order of a few ^ubarn. This points 
towards the importance of a better understanding of SU(3) breaking effects. At present. 
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this discrepancy remains to be resolved. Adding the various theoretical uncertainties in 
quadrature, one ends up with 



Q!t) — 



(10.5 ± 2.0) • lO-^fm^ Pp = (3.5 ± 3.6) • lO-^fm^ 
(13.4 ± 1.5) • lO-^fm^ I3n = (7.8 ± 3.6) • 10"^ 



(4.41) 



which with the exception of Pn agree well with the empirical data (4.33,4.34). The 
important new effect is that the loops of order q'^ generate a In term with a large 
coefficient (for Pp) which cancels most of the big contribution from the A encoded in 

the coefficients of the contact terms. In case of the neutron, the coefficient in front 
of the In MTT-term is smaller. This points towards the possible importance of isospin- 
breaking in the pA'j and nA'y couplings or in the off-shell parameter Y (for which at 
present we have no empirical indication). Clearly, an independent determination of the 
electric and magnetic nucleon polarizabilities would be needed to further tighten the 
empirical bounds on these fundamental quantities. This was also stressed in ref.[4.29]. 
It is worth to point out that the uncertainties given in (4.41) do not include effects of 
two (and higher) loops which start out at order q^. We do not expect these to alter the 
prediction for the electric polarizabilities significantly [4.25]. Notice also that at present 
the theoretical uncertainties are larger than the experimental ones (if one imposes the 
sum rules for (a + j3)). That there is more spread in the empirical numbers when the 
dispersion sum rules are not used can e.g. be seen in the paper of Federspiel et al. 
in ref.[4.18]. The role of dispersion theory and its interplay to the chiral perturbation 
theory results is dicussed in refs.[4.33] 

In ref.[4.27], the spin-averaged forward Compton amplitude Ap^ri{^) — — 47r/i(c<;) 
was compared with the available data [4.21,4.34]. To lowest order q^ in the chiral 
expansion, the expressions for Ap^ri{<^) diverge at u; = M^r. This is an artefact of the 
heavy mass expansion. The realistic branch point coincides with the opening of the 
one-pion channel as given after eq.(4.25). To cure this, one introduces the variable 
C = i+Ml/2m = M.(i+M^/2m) = W ^' ^"^^^^^ pomt sits at its proper 

location and ^p,n(C = 1) is finite. We have 



^p,n('^) 



= — (l±l)-47r(« + /3)p,„a;2 




(4.42) 
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where the '+/-' sign refers to the proton/neutron, respectively. The proper analytic 
co ntinua tion ab ove th e branch point C = 1 is obt ained through the substitutions 
— = — ii/C^ — 1 and arcsin (■ = 7r/2 + i ln(C + ^/(^^^). We should stress that in 
the relativistic formulation of baryon CHPT such problems concerning the branch point 
do not occur [4.15]. In the heavy mass formulation one encounters this problem since the 
branch point loq itself has an expansion in 1/m and is thus different in CHPT at order 
and g^. As shown in ref.[4.27], the spin-averaged forward Compton amplitude for the 
proton is in agreement with the data up to photon energies uj ~ M^^. It is dominated 
by the quadratic contribution, i.e. to order in the chiral expansion the terms of order 
(and higher) are small. Similar trends are found for the neutron with the exception 
of a too strong curvature at the origin. For the proton, the real and imaginary parts of 
A{u!) for C > 1 have also been calculated. The imaginary part starts out negative as it 
should but becomes positive at a; ~ 180 MeV. This is due to the truncation of the chiral 
expansion and can only be overcome by a more accurate higher order calculation. 

The spin-dependent polarizability 7 has not yet been measured. To lowest order 
in the chiral expansion, 7 explodes like in the chiral limit [4.3], 

2 2 

The q^ and q^ corrections to this result have not yet been investigated in a systematic 
fashion. In ref.[4.3], the contribution from the A was added (which starts at order q^) 
using the off-shell parameters of ref.[4.35] leading to 7^^ = —3.66 ■ 10~'^fm^, so that 

7p = 7r°- + 7,^ = -1.50•10-^fm^ 
7n = 7n"'°°^ + 7n = -0-46 • 10"^ fm^ 

which is rather different from the lowest order result, eq.(4.43). One can get an estimate 
on the empirical values by use of the dispersion relation (4.25). Using the latest pion 
photoproduction multipoles from the SAID data basis, one arrives at [4.36] 

7p = -1.34 • 10"^ fm^ , 7„ = -0.38 • 10"^ fm^ . (4.45) 

The numbers given in (4.45) differ from the ones in ref.[4.3] because there an older version 
of the multipoles from the SAID program was used. The theoretical estimates (4.44) 
arc amazingly close to the empirical ones, eq.(4.45). In ref.[4.3], the spin-dependent 
polarizabilities were also calculated in the relativistic approach. In that case, even on 
the level of flavor SU(2), one finds some isospin-breaking from the one-loop diagrams. 

Finally, we turn to a short discussion of the generalized DHG sum rule (4.27). Mod- 
els for the photoabsorption cross sections [4.37,4.38,4.39] seem to indicate the validity 
of the DHG sum rule (4.26) (on the qualitative level). The direct experimental test of 
this sum rule has not yet been performed. Furthermore, the recent EMC measurements 
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in the scaling region ~ 10 GeV^ indicate that the sum rule behaves a as \k'^\ 
becomes large and that the sign is opposite to the value at the photon point, fc^ = 0. 
In ref.[4.41], baryon CHPT was used to investigate the slope of /(/c^) around the origin. 
It was found to be negative and of similar size to the recently proposed value by Soffer 
and Teryaev [4.42], but opposite to the one of ref.[4.39] (which is due to the A contribu- 
tion). At present, experimental data as well as more detailed theoretical investigation 
are lacking and we refer the interested reader to [4.41] for more details. 

IV.3. AXIAL PROPERTIES OF THE NUCLEON 

In the previous sections, we were concerned with the coupling of photons to the 
nucleon, i.e. pure electromagnetic processes. Within the framework of the standard 
model, there also axial currents which can be used as probes. The structure of the 
nucleon as probed by charged axial currents is encoded in two form factors, the axial 
and the induced pseudoscalar ones. To be specific, consider the matrix-element of the 
isovector axial quark current, = ^7^75('r"/2)g, between nucleon states 



with t — {p' — the invariant momentum transfer squared. The form of eq.(4.46) fol- 
lows from Lorentz invariance, isospin conservation and the discrete symmetries C, P and 
T.* G^(i) is called the nucleon axial form factor and Gp{t) the induced pseudoscalar 
form factor. We first discuss the axial form factor, which probes the spin-isospin dis- 
tribution of the nucleon (since in a non-relativistic language, this is nothing but the 
matrix-element of the Gamov-Teller operator a r"). The small momentum expansion 
of the axial form factor takes the form 



with QA the axial-vector couphng constant, qa = 1.2573 ± 0.0028 [4.42], ta =< r\ >^/^ 
the axial root-mean- square (rms) radius and the ellipsis stands for terms quadratic (and 
higher) in t. The axial rms radius can be determined from elastic (anti)-neutrino-proton 
scattering or from charged pion electroproduction. While the former method gives 
Ta = 0.65 ± 0.03 fm [4.43], the latter leads to somewhat smaller values ta = 0.59 ± 0.05 
fm [4.1,4.44,4.49]. This apparent discrepancy will be discussed in the next section. 
In any case, we note that the typical size of the nucleon when probed with the weak 
charged currents is smaller than the typical electromagnetic size, rem = 0.8 fm. There 
is, of course, no a priori reason why these sizes should coincide. This hierachy of nucleon 

* We do not consider operators related to so-called second class currents since these are 
not observed in nature. 



< N{p')\Al \N{p) u{p') 7p GA{t) + 



{p' - p) 



(4.46) 



2m 




(4.47) 
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radii finds a natural explanation in the topological soliton model of the nucleon [4.45] 
since there the electromagnetic size is proportional to + ~ (0.8)^ fm^ whereas 

the axial radius is roughly given by + 6/ (Mp + M-n-)^ — (0.7)^ fm^, with tb — 0.5 fm 
the size related to the distribution of topological charge (baryon number). Empirically, 
the axial form factor can be rather accurately parametrized by a dipole form 

and the cut-off mass Ma is thus related to the axial rms radius via 

12 



<rl>=^ . (4.49) 



In heavy baryon CHPT and to one-loop accuracy g^, the momentum dependence of 
the axial form factor is essentially given by some contact terms (similar to the isoscalar 
form factors discussed in section 4.1) since the absorptive part of G^(t) starts at the 
three-pion cut, to = 9M^ (accesible first at two-loop order). 



9a = Qa^^n + 

9 6 
<rA> = —B24 
9a 



M. 



2 



/o2 .\ , Mt, o2 



M2 



(4.50) 



with Zn the nucleon Z-factor (3.55) and the pertinent counter terms in C^^f^ are Og 
of eq.(3.62) and B24,HS^[D^ , f~J\H . Stated differently, to order in heavy baryon 
CHPT, GA{t) is linear in t since the cut starting at to = (SM^r)^ first shows up in the 
chiral expansion at two-loop order 0{q^). Therefore, the contribution to order must 
be polynomial in t. The one-loop expression for GA{t) in the relavistic formulation can 
be found in ref.[4.46]. 

Concerning the induced pseudoscalar form factor, it is generally believed to be 
understood well in terms of pion pole dominance as indicated from ordinary muon 
capture experiments, n~ + p ^ u^j^ + n (see e.g. refs. [4.47,4.48,4.49]). However, it now 
seems feasible to measure the induced pseudoscalar coupling constant (the form factor 
evaluated at t = — O.SSM^) within a few percent accuracy via new techniques which 
allow to minimize the uncertainty in the neutron detection [4.50]. In fact, one is able 
to calculate this fundamental quantity within a few percent accuracy by making use of 
the chiral Ward identities of QCD. The pseudoscalar coupling constant as measured in 
ordinary muon capture is defined via 

9P = ^Gp{t^-0.88M'^) . (4.51) 
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The value of t can be understood as follows. If the muon and the proton are initially at 
rest, energy and momentum conservation lead to 



t = -M?, 



Mf,(M^ + mp) 



= -0.88M; . (4.52) 



To accurately predict gp in terms of well-known physical parameters, we exploit the 
chiral Ward identity of QCD, 

^'"[97/^75 =to9*75t''9 . (4.53) 
Sandwiching this between nucleon states, one obtains [4.2,4.3] 

mGA{t) + -^Gp{t) = 2mB^°gj,^-^^ (4.54) 

The pion pole in eq.(4.54) originates from the direct coupling of the pseudoscalar density 
to the pion, eq.(3.86). The residue at the pion pole t — is m G-j^ Qt^n — QnN F.j^ 
as discussed in section 3.7. Furthermore, to order q-^, Ga(^) as well as g{t) are linear in 
t as discussed above. Therefore, 

mgA + mgA-^^+ '^'^pW = ]\/p - t ^t^^ + f ^ 

where we have used 2rhBgjjh = M'^{gT,jqFT, + 0(M^)). At t = 0, eq.(4.55) reduces 
to the Goldberger-Treiman discrepancy discussed in section 3.7. Gp{t) can now be 
isolated, 

Gp^i) = -l9Am'r\ +0{t,Ml) (4.56) 

A few remarks are in order. First, notice that only physical and well-determined param- 
eters enter in eq.(4.56). Second, while the first term on the right-hand-side of eq.(4.56) 
is of order the second one is 0{q^) and the corrections not calculated are of order 
. For ^fp, this leads to [4.51] 

2M^g^NF^ 1 , . 2 
^^=M^ + 0.88M^ -S^AM^mrA • (4.57) 

Indeed, this relation has been derived long time ago by Adler and Dothan [4.52] with 
the help of PCAC and by Wolfenstein [4.53] using a once-subtracted dispersion relation 
for the right -hand-side of eq.(4.54) (weak PCAC). It is gratifying that the result of 
refs. [4.52,4.53] can be firmly based on the systematic chiral expansion of low energy 
QCD Green functions. In chiral perturbation theory, one could in principle calculate the 
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corrections to (4.57) by performing a two-loop calculation while in Adler and Dothan's 
or Wolfenstein's method these either depend (completely) on the PCAC assumption or 
could only be estimated. To stress it again, the main ingredient to arrive at eq.(4.57) is 
the linear t-dependence of Ga(^) and g{t). Since we are interested here in a very small 
momentum transfer, t = — 0.88M^ ~ — 0.5M^, curvature terms of order have to be 
negligible. If one uses for example the dipole parametrization for the axial form factor, 
eq.(4.48), the t^-term amounts to a 1.3% correction to the one linear in t. Consequently, 
our results can also be used in radiative muon capture off hydrogen where the four- 
momentum transfer varies between — . . . + M^. Using now the PDG values [4.42] 
for m, M^, = M^+, F^^ and qa together with g^^^ = 13.31 ± 0.34* and ta from the 
(anti)neutrino-nucleon scattering experiments, we arrive at 

= (8.89 ± 0.23) - (0.45 ± 0.04) = 8.44 ± 0.23 . (4.58) 

The uncertainties in eq.(4.58) stem from the range of q-j^n and from the one for ta 
for the first and second term, in order. For the final result on grp, we have added 
these uncertainties in quadrature. A measurement with a 2% accuracy of gp could 
therefore cleanly separate between the pion pole contribution and the improved CHPT 
result. This would mean a significant progress in our understanding of this fundamental 
low-energy parameter since the presently available determinations have too large error 
bars to disentangle these values (see e.g. refs. [4.47,4.49]). In fact, one might turn the 
argument around and eventually use a precise determination of gp to get an additional 
determination of the strong pion-nucleon coupling constant which has been at the center 
of much controversy over the last years. The momentum dependence of Gp{t) for t 
between —0.07 and —0.18 GeV^ has recently been measured [4.49]. The error bars are, 
however, too large to disentangle between the pion pole prediction and the one given 
in eq.(4.56). A more accurate determination of the induced pseudoscalar form factor 
would therefore help to clarify our understanding of the low-energy structure of QCD. 

IV.4. THRESHOLD PION PHOTO- AND ELECTROPRODUCTION 

In this section, we will be concerned with reactions involving photons, nucleons 
and pions, i.e. the interplay between vector and axial-vector currents. This has been a 
topical field in particle physics in the late sixties and early seventies before the advent 
of scaling in deep inelastic scattering, see e.g. ref.[4.1]. However, over the last few years 
renewed interest in the production of pions by real or virtual photons in the threshold 
region has emerged. This was first triggered through precise new data on neutral pion 
photoproduction [4.54,4.55], which lead to a controversy about their theoretical inter- 
pretations. Furthermore, new precise data on electroproduction [4.56] have given 
further constraints on the understanding of these fundamental processes in the non- 
perturbative regime of QCD. In fact, as we will demonstrate, chiral perturbation theory 
methods are best suited to analyze these reactions in the threshold region. 

* See the discussion on this in ref.[4.51] 
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First, we have to supply some basic definitions. For more details, we refer to 
refs. [4.1,4.46,4.57,4.58]. Consider the process 7*(A;) + N{pi) 7r"(g) + N{p2), with N 
denoting a nucleon (proton or neutron), tt" a pion with an isospin index a and 7* the 
virtual photon with fc^ < 0. In the case of photoproduction (real photons), we have 
k'^ = and e ■ k — 0. A detailed exposition of the corresponding kinematics can e.g. be 
found in ref.[4.59]. The pertinent Mandelstam variables are s = (pi + k)'^, t = {pi — ^2)^ 
and u — {pi — q)^ subject to the constraint s + 1 + u — 2m^ + + k^. Using Lorentz 
invariance and the discrete symmetries P, C and T, the transition current matrix element 
can be expressed in terms of six independent invariant functions, conventionally denoted 
by Ai{s,u), (z = 1, ...,6), when one makes use of gauge invariance, 

6 



i=l 

with 

Ml = l{l^¥- ¥1^), M'i = Pi^{2q ■k-k^)-P- k{2qi' - k^"), 

M'^ = -i^q-k- ¥q^, M'i = 27'^P • k - 2^P^ - m7^^+ m^l^", ^"^'^^^ 

M'^ = k^q-k-q^k'^, M'^ = k^ ¥ - 1^ 

and P = {pi +p2)/2. The amplitudes Ai{s,u) have the conventional isospin decompo- 
sition (to first order in electromagnetism) , 

Ms, U) = A^^ (S, U) 5a3 + A^^ is,u)^ [Ta, T3] + A^^ {s, u) Ta • (4.61) 

Under (s <-> u) crossing the amplitudes Ai^''4 , ^3 5^6 even, while A^^^'^^ , ^12^4 ^■re 
odd. For photoproduction, the number of independent amplitudes is further reduced to 
four. In terms of the isospin components, the physical channels under consideration are 



j^(7>- A)= 



^ (4 62) 

Ml*P - TT+n) = v^[jW + J(-)] 

JM(7*ri^7r-p) = V2[jW-j(-)]. 

Having constructed the current transition matrix element it is then straightfor- 
ward to calculate observables. The pertinent kinematics and definitions are outlined 
in refs. [4.57,4.58]. 

For the discussion of the low energy theorems , we have to spell out the correspond- 
ing multipole decomposition of the transition current matrix element at threshold. In 
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the 7*A^ center of mass system at threshold i.e. = (Mtt, 0, 0, 0) one can express the 
current matrix element in terms of the two S-wave multipole amplitudes, called Eo+ 
and 1/0+ , 

J = 4'Ki{l + n)x\{Eo+{ii,iy)a+ [Lo+{n,iy) - Eo+{ii,iy)]ka ■ k}xi (4.63) 

with Xij two component Pauli-spinors for the nucleon and we chose the Coulomb gauge 
€0 = 0. For the later discussion we have introduced the dimensionless quantities 

fi=—, ^ = —- 4.64 
m 

The multipole Eqj^ characterizes the transverse and Lo+ the longitudinal coupling of 
the virtual photon to the nucleon spin. Alternatively to Lo+, one also uses the scalar 
multipole defined via, >S'o+(s, /c^) = (|fc|/fco) Lqj^{s, k"^). At threshold, we can express 
£^0+ and Lq+ through the invariant amplitudes Ai{s,u) via (suppressing the isospin 
indices) 

= 8.(1 + ,)3/^ 1"^' + ""• 2(1 + ,,) + " WTT^r-"^ - ""^^ 

mJ {2 + ij)^ - ly ^ 2 x( A 2(2-/^)(/^(2 + /u) +iy) . 
= + + <" - "H"^' + 4(1+;,) " ""^^ 

+ ^^ 2(1 + /x) ^ ~ ""^^ ^ ^ 

(4.65) 

with the u) evaluated at threshold Sth = ?ti^(1 + /u)^ and Uth = — n — /s^ + 

Hu) /(l+/x). In case of photoproduction, only the electric dipole amplitude Eq^ survives. 
Finally, one can define the S-wave cross section, 

ao = \Eo+\^ - e--^\Lo+\^ (4.66) 

Kq 

where e and ko = {s — m? ^k"^) represent, respectively, a measure of the transverse 
linear polarization and the energy of the virtual photon in the iiN rest frame. For 
k"^ = 0, this means in particular that {\k\/\q\)(d(7 / dO) — {Eq^^Y ^ Q tends to zero. This 
completes the necessary formalism. 

We discusss now the electric dipole amplitude £"0+ as measured in neutral pion 
photoproduction, 7 + p — > tt^ + p. This multipole is of particular interest since in the 
early seventies a low-energy theorem (LET) for neutral pion production was derived 
[4.60].* The recent measurements at Saclay and Mainz [4.54,4.55] seemed to indicate 



For the sake of brevity, we denote Eq^ by Eq+ 
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a gross violation of this LET, which predicts i?o+ = —2.3 ■ /M^+ at threshold. 
However, the LET was reconsidered (and rederived) and the data were reexamined, 
leading to £^o+ = (-2.0 ± 0.2) • 10~^/M^+ in agreement with the LET prediction. 
These developments have been subject of a recent review by Drechsel and Tiator [4.61]. 
Therefore, we will focus here on the additional insight gained from CHPT calculations. 
In fact, the "LET" derived in [4.60] for neutral pion photoproduction at threshold is an 
expansion in powers of n — MT^/m ~ 1/7 and predicts the coefficients of the first two 
terms in this series, which are of order fi and fj,^, respectively, in terms of measurable 
quantities like the pion-nucleon coupling constant g-KN, the nucleon mass m and the 
anomalous magnetic moment of the proton, Kp, 



(4.67) 



In ref.[4.62] it was, however, shown that a certain class of loop diagrams modifies the 
LET at next-to-leading order (9(/x^). It is instructive to rederive this result in heavy 

baryon CHPT [4.3]. Insertions from and C^.^^ lead to eq.(4.67) when the corre- 
sponding quantities are given by their chiral limit values. However, to order q^, one also 
has to consider one-loop graphs. The standard derivation of eq.(4.67) is based on the 
consideration of nucleon pole graphs (supplemented by form factors). We stress that 
such considerations are not based on a systematic chiral counting. In the threshold re- 
gion, only the so-called triangle and rescattering diagrams are non-vanishing (compare 
the detailed discussion of selection rules in ref.[4.3]) leading to 



Jo{v ■ k) + Jq{-v ■ k) + 273(v • k) + 2^z{-v ■ k) 



(4.68) 



with the loop functions Jq and 73 given in appendix B. At threshold, v-k — Mj^, so that 
Jo(M^) -\- Jo(-M^) = and 73(M^) + 73(-M^) = M^/32, i.e. only the triangle dia- 
gram and its crossed partner contribute. Therefore, these particular one loop diagrams 
contribute at order 



^^loop ^ dQAMl ^ egArri^ ^2 



°+ 12871^3 12871^3 



(4.69) 



Let us look closer at the origin of the finite contribution proportional to M^. We follow 
the argument of ref.[4.62]. In the relativistic calculation, the loops lead to an expression 
of the form 

= m - fi-^)] (4-70) 



with 



' ,2 , .,2 



2xy 



1^2 j^y2 _ 2^xy 



(4.70a) 
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Naively, one would argue SEqJ^^ ~ M^, since the formula (4.70) is manifestly odd under 
Mtt — and this would forbid an even term proportional to M^. However, in this 
argumentation one has already made an assumption, namely that the function /(//) is 
analytic at = 0. The explicit form (4.70a) shows that this is not true, /(/i) has a 
logarithmic singularity at = and the correct expansion around this point reads 

/(/.) = - In /.+ — + - + 0(/.), /(-^) = -ln/.-- + - + 0(^). (4.706) 

Consequently, we find that the odd combination /(//) — / (—A*) has a nonvanishing limit 
lim^^o+ [/(a*) ~ = 7r^/2 7^ 0, which is quite astonishing. Of course, without 

explicit knowledge of /(/i) from the complete loop-calculation in CHPT one would hardly 
find the peculiar properties of /(/i). In the standard derivation (and all rederivations) of 
the incomplete LET one tacitely assumes (without better knowledge) lim^^o+ [/(a*) ~ 
/(—//)] = 0. The additional term is non-analytic in the quark mass m since SA^^'^^^ ~ 
~ \/?^ [4.62]. Consequently, the correct // expansion of £"0+ in QCD takes the form* 



1 , , . m X ; 

5(3+«.)+(j^) 



^^ + 0(p^)\ . (4.71) 



One immediately notices that the term of order /x^ is even bigger (+4.35) than the leading 
order one (-3.46) and of opposite sign. This makes the //-expansion of £^0+ truncated at 
order /x^ practically useless for a direct comparison with the data. We also stress that the 
closeness of the prediction based on the incomplete expansion (4.67) and the reexamined 
data has to be considered accidental and is devoid of any physical significance. In fact, 
in ref.[4.59] it was argued that the //-expansion of £0+ is slowly converging. This has 
been even further quantified in a calculation [4.63] in the framework of heavy baryon 
CHPT including all terms of order and including isospin-breaking by differentiating 
between the charged and neutral pion masses as proposed in ref.[4.64]. Furthermore, 
the theoretical prediction of the electric dipole amplitude in 7r° production off protons is 
afflicted with some uncertainty related to the A contribution to estimate the appearing 
contact terms. At present, it does not seem to serve as a stringent test of the chiral 
pion-nucleon dynamics. More accurate data close to threshold are needed to clarify these 
questions and also the energy-dependence of Eq^ from the n^p threshold {E^ = 144.68 
MeV) to the 7r+n threshold at E^ = 151.44 MeV. While below this threshold the 
multipoles are real, above it they in general become complex. To one-loop accuracy, 
one expects a cusp at the n~^n threshold with Eq^{E^ — 151.44 MeV) — Eqj^{E^ = 
144.68 MeV) ^ 0.7- 10-3/M^+ [4.63]. The various analysis of the Mainz data [4.55] give 
very different results, e.g. while Bergstrom [4.65] finds a very steep energy dependence, 
the analysis of Bernstein leads to an essentially fiat Eo^{E^) [4.66]. The situation is 



* The meaning of low-energy theorems in the framework of the Standard Model is 
discussed in ref.[4.90]. 
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different for the P-waves. From the two magnetic multipoles Mi+ and Mi_ and the 
electric Ei^ one forms the combinations 



Pi = 3Ei+ + Mi+ - Mi_ 
P2 = SEi+ - Mi+ + Mi_ 
P3 = 2Mi+ + Mi_ 



(4.72) 



To order and including the pion mass difference in the loops, one finds [4.63] 
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(4.73) 

with u — {s — w? + M2o)/(2y^) the pion energy in the cm system.* A closer look at 
(4.73) reveals that the terms of order in the threshold region are very small compared 
to the leading 0{q^) ones, i.e. one can derive the LETs 
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and similarly for the reaction 777- ^ 7r°n, 
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(4.736) 



with Kn = —1.913 the anomalous magnetic moment of the neutron. These are examples 
of quickly converging /i expansions. In fact, the corresponding Pi and P2 of the rela- 
tivistic calculation agree quite nicely with the LET (remember that in the relativistic 



* a; is related to the frequently used photon energy in the lab system via u = {2mEj + 
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formulation some higher order terms are inchided). For example, at Ej = 151 MeV, the 
LET predicts Pi = 2.47 and P2 = -2.48 while the P-wave multipoles of ref.[4.59] lead 
to Pi = 2 A3 and P2 = -2.60 (all in units of 10-^/M^+) (for 7^ ttV)- In contrast, 
P3 is completely dominated by the A contribution. Its generic form is P^ = qoj * const, 
where the constant can either be fitted from the bell-shaped differential cross sections 
about the n^n threshold or by using resonance saturation. Both ways lead to essentially 
the same number. Alternatively, one could fit the coefficient in P3 from the total cross 
section data if one excludes the very first few MeV above threshold. For more details 
on this, we refer the reader to ref. [4.63]. 

The total cross section for — > n^p [4.53,4.54] is only sensitive to the value 
of -E'o+(sthr) very close to threshold and then dominated by the P-wave combination 
(|Pi|2 + IP2P + |-P3p)/3. This is shown in figure 4.5 for the calculation of refs. [4.59,4.64]. 
In fact, the estimate of the low-energy constant d/^ in [4.59] should be considered as a 
best fit to these total cross section data. The corresponding differential cross sections 
calculated in ref. [4.59] do not agree well with the data since £?o+ was essentially energy 
independent ~ —1.3, too large in magnitude to what is needed to produce the bell- 
shaped angular distributions. A more detailed account of these topics will be given in 
ref. [4.63]. Finally, we point out that new data for ■yp n'^p have been taken at MAMI 
(Mainz) and SAL (Saskatoon). These are presently in the process of being analyzed. 
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Fig. 4-5: Total cross section for "fp — > tt p. The solid and dashed curve 
represent the one-loop CHPT predictions in the isospin limit and with isospin- 
breaking in the class I diagrams, respectively [4-59, 4-64]- The dotted line is 
the tree level predictions. The Mainz [4-54] and the Saclay [4-53] data are 
represented by diamonds and squares, respectively. 
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The situation is different in the case of charged pion production, n'^n and 

7n —>■ iT~p. Here, there exists a famous LET due to KroU and Ruderman [4.67], which 
states that the corresponding electric dipole amphtudes do not vanish in the chiral hmit 
and, furthermore, that this leading term of order /jP is dominant. The chiral corrections 
do not affect this result as shown in rcf.[4.59]. In fact, the quark mass expansion of Eo+ 
for these two channels takes the form (at threshold) 



87rm 



87rm 



-l + ^l^ + O {1^^,11^ In//) 



= 26.6 • 10~^/M^+ , 

(4.74) 

-31.5 • 10-^/M^+ . 



The full one-loop corrections (i.e. no expansion in //) have been worked out with the 
result [4.59] 

= 28.4 • 10-VM^+ ,Eq~p = -31.1-10-^ /M^+ , (4.75) 

which compare, naturally, well with the empirical data -E'o+" = 27.9±0.5 [4.68], -E'o+"' = 

28.8±0.7 [4.69], Eq'p = -31.4±1.3 [4.68] and E^^^ = -32.2±1.2 [4.70] (aUin canonical 
units). The numbers in (4.75) should not be considered as rigorous predictions of CHPT 
since they depend to some extent on the assumptions made on the unknown counter 
terms. One should perform a similar calculation in HBCHPT to order g^. A more 
accurate determination of these threshold multipoles would give a further constraint 
on the pion-nucleon coupling constant via the Goldberger-Miyazawa-Oehme sum rule 
[4.10,4.71] 

with a~ the isospin-odd ttN scattering length and J a dispersion integral over the 
hadronic Ti^p total cross sections. The integral J can be calculated cither from the 
pertinent Karlsruhe-Helsinki cross sections or the ones from the SAID data basis. One 
possibility of obtaining the difference O1/2 — 03/2; which is most uncertain at present, is 
via the Panofsky ratio P = a{'K~p — > n'K^)/a{'K~p — > 717) [4.10], 

(ai/2 - a^/2f = {9k/q)P\E^;P\^ = {9k/q)PR\E^t^\^ (4.77) 

with R = a{'jn Pt^~) / crisiP — ^ nTr"*"). To make use of eqs. (4.76,4.77), one needs a very 
accurate understanding and determination of the electric dipole amplitude at threshold 
for charged pion photoproduction (for further details, see e.g. refs. [4. 10,4.72,4.73]). This 
concludes our discussion of threshold photopionproduction. 

We now turn to a short discussion of some topics related to pion electroproduction. 
A much more detailed account of these topics can be found in the recent review [4.46]. 
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There, one can find a thorough discussion of the pertinent low-energy theorems in the 
various channels. In particular, it is stressed (see also ref.[4.74]) that in a systematic 
chiral expansion one is only sensitive to the first few moments of the pertinent nucleon 
form factors, in contrast to the commonly used practise of supplementing the photon- 
nucleon and pion-nucleon vertices with the corresponding full form factors. Also, in 
the loop expansion there is no need for equating the pion charge form factor and the 
isovector nucleon charge form factor to maintain gauge invariance as it is often done. 
The chiral expansion keeps gauge invariance at any step of the calculation and thus 
allows naturally for F^(t) 7^ F^{t). Here, let us briefly discuss the axial rms radius of 
the nucleon as measured in charged pion electroproduction. The starting point is the 
venerable LET due to Nambu, Luric and Shrauner [4.75] for the isospin-odd electric 
dipole amplitude £^0+'' chiral limit, 

<)(M. = 0, /c^) = + ^rU ^(-v + ^) + 0{k^)^ (4.78) 

Therefore, measuring the reactions 7*p — > 7T~^n and 7*n 7T~p allows to extract Eqj^^ 
and one can determine the axial radius of the nucleon, r^. In section 4.3, we had pointed 
out that the determinations of the axial radius from electroproduction data and from 
(anti)neutrino-nucleon scattering show a small discrepancy. This discrepancy is usually 
not taken seriously since the values overlap within the error bars. However, it was shown 
in ref.[4.76] that pion loops modify the LET (4.78) at order k'^ for finite pion mass. In 
the heavy mass formalism, the coefficient of the term reads 

where the last term in (4.79) is the new one. This means that previously one had 
extracted a modified radius, the correction being 3(1 — 12/7r^)/64F^ ~ —0.046 fm^. 
This closes the gap between the values of ta extracted from electroproduction and 
neutrino data. As detailed in appendix C, the 1/m suppressed terms (i.e. of order q^) 
modifying the result (4.79) are small [4.91]. 

Another interesting quantity is the S-wave cross section defined in eq.(4.66). The 
most precise measurement of it for neutral pion production off the proton close to the 
photon point was presented in ref.[4.56]. In fig. 4. 6 we show the data of ref.[4.56] at 
= -0.042, -0.0501 and -0.0995 GeV^ in comparison to the one-loop CHPT result 
and the corresponding tree level prediction [4.46,4.77]. The most interesting feature of 
the data is the fiatness of ao as \k^\ increases. 

This trend is also exhibited by the one-loop CHPT result but not by the tree graphs 
(or by tree graphs supplemented with form factors). Chiral loops are required to explain 
the trend of the data. We should stress that the calculation of ao to one loop accuracy did 
not involve any new adjustable counter terms (all low-energy constants were previously 
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Fig. 4-6: The S-wave component of the neutral pion electroproduction cross 
section, calculated from one-loop CHPT (solid line) and tree graphs (dotted 
line). The kinematics is W = 1074 MeV and e = 0.58 [4.77J. The data 
extracted in ref.[4-56] are also shown. 



fitted in photoproduction [4.59] or via nucleon radii). Clearly, to have a better test of 
the chiral dynamics, one should measure at smaller values of since there the loop 
corrections are sizeable but not as large as at = —0.1 GeV^. In ref.[4.77], it was 
further stressed that to test the chiral predictions, one should investigate in more detail 
the angular distributions. The most striking feature is that the CHPT predictions for 
the transverse differential cross sections become forward peaked as becomes larger 
than 0.04 GeV^. Indeed, a group at MAMI (Mainz) has measured this differential cross 
section at k'^ = —0.1 GeV^ and the shape agrees very nicely with the CHPT prediction 
[4.78]. Clearly, the wide field of single pion electroproduction in the threshold region is 
a good testing ground of the chiral dynamics and just begins to play again an important 
role. For a more detailed account of the existing predictions and limitations within 
CHPT, we refer the reader to ref.[4.46]. 

IV.5. TWO-PION PRODUCTION 

In the previous section, we considered single pion photo- and electroproduction. 
Complementary information can be gained from the two pion production process — > 
ttttN, with 7 a real or virtual photon. The two pions in the final state can both be 
charged, both neutral or one charged and one neutral. Here, we will be concerned with 
the threshold region, i.e. the photon in the initial state has just enough energy to produce 
the two pions (and the outgoing nucleon) at rest. This energy is very close to the first 
strong resonance excitation of the nucleon, the A(1232). In fact, presently available data 
focus on the resonance region and above. In that case, a two-step reaction mechanism 
of the form — > ttA ttttN is appropriate to describe these data as detailed in 
refs. [4.1,4.79,4.80]. As we will argue, there is however a narrow window above threshold 
which is particularly sensitive to chiral loops, i.e. to the strictures of the spontaneously 
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broken chiral symmetry. First measurements of two-pion production at low energies 
have been performed at MAMI and we expect that the theoretical predictions discussed 
below will give additional motivation to perform yet more detailed measurements of this 
particular reaction. The CHPT calculation presented in ref.[4.81] extends the one of 
Dahm and Drechsel [4.82] who discussed certain aspects of two-pion photoproduction 
in the framework of Weinberg's chiral pion-nucleon Lagrangian [4.83]. 

First, we must outline the formalism necessary to treat two-pion photo- and elec- 
troproduction in the threshold region. We will only be concerned with the kinematics 
close to or at threshold, the corresponding amplitudes and the total cross sections. For 
a more general discussion we refer the reader to ref. [4.82]. To be specific, consider the 
process ^{k) + N{pi) — > 7r"(gi) -|- n^{q2) + N{p2). The corresponding current transition 
matrix element is 

T-e= <7r"(gi),7r^(g2),iV(j92) out\j;'^{0)e^\N{pi) in > (4.80) 

with J®™ the electromagnetic current operator and the polarization vector of the 
photon. Prom the two initial states 7p and 777- we can form in total six final states 

7P — > 7r"'"7r~p , 7p — > 7r"''7r°n , 

7P — > tt^tt'^p , 7n 7r"'"7r~n , (4-81) 
7n — > TT^TT~p , 7n 7r°7r°n . 

In what follows we will concentrate on the channels with a proton in the initial state. To 
first order in the electromagnetic coupling e the threshold amplitudes for ^p —>■ Tr+Tr^n 
and 7n — > tt~tt^p are equal. In general, one can form five/six Mandelstam variables 
for the two-pion photo/electroproduction process from the independent four- momenta. 
For our purpose, it is most convenient to work in the photon-nucleon center-of-mass 
frame. At threshold, the real or virtual photon has just enough energy to produce the 
two pions at rest. The threshold center-of-mass energy squared is sthr = {pi + /^)thr ~ 
(m-|-2M7r)^ = m^(l -|-4//-|-4/i^). The photon center-of-mass energy can be expressed in 
terms of s and the photon virtuality k"^ as k^ = {s — rn? + /c^)/(2y^) with its threshold 
value 
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(4.82) 



in terms of the small parameters fi and v. In the lab system, the threshold value for two 
pion-photoproduction is given by -Z?*^"" = 2Mt^{1 -\- jj). The kinematics above threshold 
is discussed in more detail in ref. [4.81]. 

At threshold in the center-of-mass frame (i.e. = ?*2 = 0), the two-pion electro- 
production current matrix element can be decomposed into amplitudes as follows if we 
work to first order in the electromagnetic coupling e, 

T • e = x\{i^ -{exk) [Mi5"^ + Ma^^V^ + Ms{6''^t^ + 5^V")1 

(4.83) 

+ e • A;[iVi5"^ + iV25"V + iV3(5"V + S^^t'')] }xi 
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in the gauge eo = 0. Clearly, for real photons only the Mi^2,3 can contribute. For virtual 

-» -* 

photons, gauge invariance T ■ k = allows to reconstruct Tq as Tq = T ■ k/ko. The 
amplitudes Mi^2,3 and A''i^2,3 encode the information about the structure of the nucleon 
as probed in threshold two pion photo- and electroproduction. The physical channels 
listed in eq.(4.81) give rise to the following linear combination of Mi 2 3 (and A^i 2 3 for 
/e^ < 0). 

7P — >• 7r''~7r~p : Mi + M2, 
7P Tv+TT^n : V2M3, 
7P^7rVp: M1 + M2 + 2M3, 



7n — > tt'^tt n : Mi — M2, 
777, 7r°7r°n : Mi - M2 - 2M3 



Close to threshold, the invariant matrix element squared averaged over nucleon spins and 
photon polarizations takes the form \M. /ip = P |?7iMi+r72M2 + ?73M3p with the isospin 
factors ?7i,2,3 given in eq.(4.84). The main dynamical assumption in this relation is that 
the two-pion photoproduction amplitude in the threshold region can be approximated 
by the amplitude at threshold. Expressing k'^ in terms of s and supplementing 
by the photon flux factor rn^/pi ■ k = 2m^/(s — m^), we find for the unpolarized total 
cross section 

^iN^^^N^^^ = - m')rs{s) \viMi + rj2M2 + VsM^]^ S . (4.85) 

Here, r3(s) is the integrated three-body phase space, eq.(3.91), and S a Bose symmetry 
factor, 5 = 1/2 for the 7r°7r° final state and S = 1 otherwise. For equal pion masses an 
excellent approximation to the integrated three-body phase space is given by [4.81] 

M m^/^ 

Of course, an analogous approximation can be derived for unequal pion masses. Conse- 
quently, the unpolarized total cross section can be approximated within a few percent 
by the handy formula 

^l^-^^^^E,) ^ ^^^§^^;^^\ViMi + V2M2 + mMsf S {E, - E!^r ■ (4.87) 

For electroproduction, the prefactor in eq.(4.87) has to be modified slightly to account 
for the virtual photon fliix normalization and then it gives the transverse total electro- 
production cross section. In general above threshold the total cross section is given by 
a four-dimensional integral over e.g. the two pion energies and two angle variables (for 
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details, see ref. [4.81]). One remark on isospin breaking is in order. To one-loop accu- 
racy 0{q'^), it is legitimate to work with one nucleon and one pion mass. However, the 
pion mass difference M^± — M^o = 4.6 MeV in reality leaves a 11.9 MeV gap between 
the production threshold of two neutral versus two charged pions. While we are not 
in position of performing a calculation including all possible isospin-breaking effects, a 
minimal procedure to account for the mass difference of the physical particles is to put 
in these by hand in the pertinent kinematics, such that the thresholds open indeed at 
the correct energy value. To be specific, for the Tv~^n~p final state the threshold photon 
energy is E}^^'{TT+7T-p) = 320.66 MeV whereas for n^n^p it is E^^^'{7r^n^p) = 308.77 
MeV. Therefore, in the pertinent three-body phase space integrals we will differenti- 
ate between neutral and charged pion mass when we present results incorporating the 
correct opening of the thresholds. 

Consider now the chiral expansion of the threshold amplitudes Mi^2,3 and AT^ 2,3- 
In each case we will give two complete chiral powers, the leading and next-to-leading 
term. It is worth to elaborate a bit on the chiral counting here. The S-matrix elements 
are calculated up-to-and-including order q^. This means that the threshold amplitudes 
are given to order q since two chiral powers are factored out, e ^ k q. Due to the 
various selection rules which apply for heavy baryon CHPT and additional ones due to 
the threshold kinematics, only a few diagrams are contributing. These are discussed 
in detail in [4.81]. Here, we just mention that the leading nonzero contributions comes 
from tree graphs with one insertion from C^}^. At next order, one has a plethora of 
possible contributions. Four loop graphs (plus their crossed partners) remain and the 
only contact terms which survive are the ones with one insertion from -Cj^TV-* '^^^ 
corresponding low-energy constants are estimated via resonance saturation, i.e. the A 
contribution. One expects sizeable effects from the A (1232) since first it is quite close 
to threshold and second its couplings to the jttN system are very large (about twice the 
nucleon couplings). On first sight the distance of only 14.6 MeV of the A(1232) from 
threshold seems to give rise to overwhelming contributions since one naively expects that 
the very small denominator l/{m\ — Sthr) = 1/("^A — m — 2Mt^) • l/(mA + m + ^M^^) 
enters the result. However, as shown in ref. [4.81], this dangerous denominator always 
gets cancelled by exactly the same term in the numerator in the corresponding diagrams. 
Therefore, the expansion in M^^ is not a priori useless. For the transverse threshold 
amplitude, the resulting chiral expansion takes the form 



TT 



Within our approximation, the contribution from £itr containing the Wess-Zumino 



term incorporating the anomalous (natural parity violating) vertex 7 ^ 37r vanishes. 



91 



1 + r + [tt r 
-7777 — h arctan , 



+ 



— . \ , arctan y\-\-r 

647rF4 \ yrT7 1 + .... 

r ^(2 + r) 1 + r + r^ 2 + r + ^3(1 + r) l | 



(4.886) 



4 + 2r + r 

"\/3(2 + r) l + r + r^ ■ '"'^ ' ' 

1 + r (1 + r)3/2 



r 



)3/2 



2 + r+ v/3(l + r) 



— h arctan , 

.2 v/rT7. 



with the ratio r = -k^/4M^ and 



(4.88c) 



Ba = + 4Z[mA(l + 2Z) + m(l + Z)] (4.88d) 

mA — TO 

which involves the off-shell parameter Z of the ttNA vertex. In fact, taking the allowed 
range of Z given in ref.[4.43], one finds a weak Z-dependence, i.e. 9.9 GeV < 5a < 15.1 
GeV. Furthermore, from the isospin factors of eq.(4.88) we see that to order M^r the A 
contributions are absent in the tt^tt^ channels. We also note that to lowest order. Mi = 
and M2 = — 2M3 so that the production of two neutral pions is strictly suppressed. 
Another point worth mentioning is that the transverse amplitudes M2,3 are /c^-dependent 
only through their loop contribution. This can be understood from the fact that the 
tree graphs have to be polynomial in both M^r and and that a term linear in A;^ is 
already of higher order in the chiral expansion. It is also not possible to further expand 
the r-dependent functions since r = —k'^/AM^ counts as order one and all terms have to 
be kept. We also notice that the amplitudes M2,3 have a smooth behaviour in the chiral 
limit. Finally, we note that the loop contribution to the transverse amplitudes of two 
pion production as given in eq.(4.88) have a nonzero imaginary part even at threshold. 
This comes from the rescattering type graphs. Due to unitarity the pertinent loop 
functions have a right hand cut starting at s = (m + Mt^)^ (the single pion production 
threshold) and these functions are here to be evaluated at s = (m + 2Mt^)'^ (the two- 
pion production threshold). In the electroproduction case, we also have the longitudinal 
threshold amplitudes A^i,2,3- Since we can no more exploit the condition e • A; = the 
photon coupling to an out-going pion line is non-vanishing and therefore we obtain a 
nonzero contribution already at leading order 0{q) involving a pion propagator (for 
charged pions). Adding up all terms which arise at order q and we find the following 
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results 



eM^(l + /i) e{2g\-l) 
- F^{AMl-k^) + 4mF2 + ^^^'^ ' (4-89) 

iV3 = -^iV2 + C»(?). 

It is interesting to note that none of the low energy constants ci, 02,03,04 and the 
anomalous magnetic moments which enter C\.p^ show up in the final result. 

We now turn to the numerical results for the threshold amplitudes and total cross 
sections. The isospin symmetric case is discussed in great detail in ref.[4.81]. To connect 
to the experimental situation, consider the three-body phase space with the physical 
masses for the corresponding pions. This automatically takes care of the various thresh- 
old energies. In the loops we work, however, with one pion mass. This effect is small as 
discussed in ref.[4.81]. In fig.4.7 we show the calculations with the correct phase-space 
and using the threshold matrix-elements. 
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Fig. J^.l: Total cross sections (in nb) for the ■yp initial state (k'^ = 0) with 
the correct three-body phase space. The dotted, dashed and dashed-dotted lines 
refer to the tt'^tt~p, Tr+Tr^n, and the iz^'n^p final state, in order. For — > 
TT+TT^p we show the first correction as discussed in ref. [4.-81]. The various 
thresholds are indicated. 
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For 7p 7T~^7T~p, we show the first correction above threshold from C)^li which is 
bigger than the matrix-element calculated with the threshold amplitudes already 3 MeV 
above threshold in this particular channel (for details, see [4.81]). At — 320 MeV, the 
total cross section for 7r°7r° production is 0.5 nb whereas the competing Tr^Tr+n final state 
has utot = 0.013 nb. Double neutral pion production reaches atot — 1.0 nb at = 324.3 
MeV in comparison to a"tot(7?> TT^n~^n) < 0.05 nb and crtot(7P — ^ Tr+Tr"^) = 0.4 nb. 
This means that for the first 10... 12 MeV above tt^tt^ threshold, one has a fairly clean 
signal and much more neutrals than expected. We stress that the enhancement of the 
total cross section in the 7r°7r° channel is a chiral loop effect. Consider the corresponding 
threshold matrix element Mi + M2 + 2M3. Whereas the Born graphs contribute only 
4.9 GeV""^, the loop contribution at the same chiral power is much larger (26.6 + 16.0 
i ) GeV~^ and enhances the total cross section by a factor 50. Already the knowlegde 
of the order of magnitude of the experimental 7r°7r° cross sections allows to test the 
enhancement effect of the chiral loops.* Remember that to leading order in the chiral 

expansion, the production of two neutral pions is completely suppressed. Of course, the 

(2) 

above threshold correction for this channel, which comes from C^^p^ (and higher orders) 
should be calculated systematically. The first correction, which vanishes proportional 
to \q^\ {i — 1,2) at threshold, has been calculated and found to be very small. The 
corresponding cross section at E^ = 320, 325 and 330 MeV is a-fjf ^""^ = 0.009, 0.026 and 
0.056 nb, i.e a few percent of the leading order result. It is, therefore, conceivable that 
the qualitative features described above will not change if even higher order corrections 
are taken into account. A more detailed account of these topics can be found in ref. [4.81] . 

IV.6. WEAK PION PRODUCTION 

As discussed in the preceeding sections, single and double pion production off nu- 
cleons by real or virtual photons gives important information about the structure of the 

nucleon. As stressed in particular by Adler [4.84], weak pion production involves the 
isovector axial amplitudes and a unified treatment of pion photo-, electro- and weak 
production allows to relate information from electron-nucleon and neutrino-nucleon 
scattering experiments. In this spirit, we will consider here pion production through 
the isovector axial current in the threshold region, extending the classical work of Adler 
[4.84], Adler and Dothan [4.52] and Nambu, Lurie and Shrauner [4.75], who have con- 
sidered soft pion emission induced by weak interactions making use of PCAC and gauge 
invariance, relating certain electroweak form factors of the nucleon to particular thresh- 
old multipole amplitudes. The corrections beyond this were considered in ref. [4.85], 
were novel relations between various axial threshold multipole amplitudes and physical 
observables like electroweak form factors, S-wave pion-nucleon scattering lengths and, 
in particular, the nucleon scalar form factor, a{t) ~ < N\rh{uu + dd)\N > are given. 

* We have been informed by Th. Walcher that a first analysis of double neutral pion 
production making use of the TAPS detector seem to indicate an even stronger increase 
of the pn^TT^ cross section at threshold as indicated by the calculation of ref. [4.81]. 



94 



We consider processes of the type iy{ki) + N{pi) — > /(/C2) + N{p2) + 7r"(g), which 
involve the isovector vector and axial-vector currents. Here, we will focus on the pion 
production induced by the axial current, A^^ = Q'jfi'jdiT'^ /'2)q in terms of the u and 
d quark fields. Denoting hj k = ki — k2 the four-momentum of the axial current, the 
pertinent Mandelstam variables are s = (pi+fc)^, t — [q—k]"^ and u — (pi—q)^ subject to 
the constraint s + t + u = 2m^ + M^ + /c^. The pertinent matrix element decomposes into 
an isospin-even and an isospin-odd part (analogous to the nN scattering amplitude), 

< iV(p2), 7r«(?) out|yl'' • e\N{pi) in > = id""^ T^+^ ■ e - e"*"^ r" T^'^ ■ e (4.90) 

where is the axial polarization vector, ~ ui^^'j^u^. Notice that one can use 
the Dirac equation to transform terms of the type e ■ k into lepton mass terms via 
e • A; ~ uiJ/^^u^ = —miUij^Ui,. This means that in the approximation of zero lepton 
mass, one has e-k = and all diagrams where the axial source couples directly to a pion 
line vanish. The general Dirac structure for the transition current involves the eight 
operators Oi = (/<f) /2, O2 = e ■ q, Os ^ O4 = e ■ (pi + p2)/2, = ■ q, Oq = 

■ [pi + P2) /2, Or = e ■ k, Os = 1/e ■ k which are accompanied by invariant functions 

denoted A\'^\s, u) {i = 1, . . . , 8) [4.84]. At threshold in the ttN center of mass frame, 
one can express the pertinent matrix element in terms of six S-wave multipoles, called 
l£),m£^ andiyg\ 

8 

T W ■e = U2Y, («th, tith)t^i = 47r (1 + /x)x$ [eo^J + e • ku'^^ +ia-{kx e)M^%^] xi • 

(4.91) 

At threshold, one can express Lo+, Mo+ and i/o+ (suppressing isospin indices) through 
the invariant amplitudes Ai{s,u) via 



»+^ 87r(l + /.)3/2 i"^^-^^--^3} 

J{2 + nY - V r ;u(2 + //)+zy 

(2 + \iY — V ^2' ^ 2' ) 

V(2 + /i)2-z/ r 2(l + ;u) . ^ 1.1 m , , 

(4.92) 

where the Ai{s,u) are evaluated at threshold. 

We seek an expansion of these threshold multipoles in powers of n and v up to 
and including order 0{p'^, u) (modulo logarithms). To work out the corrections at order 
0{q^), it it mandatory to perform a complete one-loop calculation with insertions from 
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C\j^ and the tree diagrams with exactly one insertion from C\l^. One also has to 

(2) 

consider tree graphs with two insertions from C)^}^ with a nucleon propagator, which 
scales as 1/g, in between. The resulting low-energy theorems for the various S-wave 
multipoles are 



4+) = i [<j{k^ - Ml) - -a{Q)\ - ^ - + + 0{q^) 



(4.93a) 



(4.936) 

(4.93c) 



= 8^{-^^(^^ - + ^(^^ + ^) - 8^} + ^^^^^^ + ^(^^) 

^(-) _ g-i^. , M.[G^(fc^-M,^)-l] 1 (-)^^ . 2^ 

with 0=*= the isopin-even and odd S-wave 'kN scattering lengths. The form of the pion 
pole term in can easily be understood from the fact that as /c — > g one picks up 

as a residue the forward ttA^ scattering amplitude which at threshold is expressed in 
terms of the two S-wave scattering lengths. The relation between axial pion production 
and the ttA^ scattering amplitude has also been elucidated by Adler in his seminal work 
[4.84]. The constants C^^\ ^ subsume numerous /^^-independent kinematical, loop and 

counterterm corrections (the latter ones stem mainly from C)^}^) which we do not need for 
the following discussion and which are diflficult to pin down exactly. There is, however, 
one exception to this. The chiral Ward identity d^A^^ = rhqir^'y^q ~ Ml demands that 
koLo^ + k^Ho^ ~ Ml and thus with ko = m(2// + //^ + i')/2{l + ji) we have 

(+) ^ a+F^ _ (j(0) g\ ^ C2 + C3 

^ 2mMl STTMlmF^ 2>2TTm?F^ AirmF^ ,^ 

^ 647rm2F^ " 

The numerical values of the constants arc = -1.0 GeV-3 and C^~^ = 0.5 GcV-^. 
The argument of the various nucleon form factors in (4.94) is the threshold value of 
the invariant momentum transfer squared tthr = {q — ^)thr — i^^ ~ ^l)/{^ + A*) = 
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fc^ — + 0{q^). Of particular interest is the low-energy theorem for Lq_^_ where one 
has the following slope at the photon point — 

It is very interesting to note that although Lq^ vanishes identically in the chiral limit 
= the slope at A;^ = stays finite. The formal reason for this behaviour is the 
non-analytic dependence of Lq^^ on which does not allow to interchange the order 
of taking the derivative with respect to /c^ at — and the chiral limit. Notice also 
that for /c^ ~ and assuming that C^^^ of the order of 1 GeV"'^, the term proportional 
to the scalar form factor a{—M^) — (j(0)/4 dominates the behaviour of Lq^ using the 
numbers from the recent analysis of Gasser, Leutwyler and Sainio [4.86]. In principle, 
an accurate measurement of this particular multipole in weak pion production allows for 
a new determination of the elusive nucleon scalar form factor and the nN cr-term. This 
might open the possibility of another determination of this fundamental quantity. In 
the standard model, the axial part of the weak neutral current is the third component of 
the isovector axial current. To see this most interesting correction, one should therefore 
consider neutral neutrino reactions like up — > lypir^ (in that case the zero lepton mass 
approximation is justified). First, however, a complete calculation involving also the 
isovector vector current has to be performed to find out how cleanly one can separate 
this multipole in the analysis of neutrino-induced single pion production. For that, it 
will be mandatory to include the A resonance since the presently available data are 
concentrated around this mass region [4.87]. In parity-violating electron scattering, 
the interference of this axial current with the vector one is suppressed by the factor 
(1—4 sin^ ^w), with sin^ 6w — 0.23 the Weinberg (weak mixing) angle. 

In contrast to this, the behaviour of Hq^\ which also contains the scalar form 
factor, is dominated by the pion pole term proportional to a"*". At A;^ = 0, one finds 
H^X^ = 32.8 GeV-^ + ((7(0) - a{-M^)) ■ 14.1 GeV"^ - 0.14 GeV-^ The uncertainty in 
a""", (5a+ = ±0.38 • 10~^/M^, gives as large a contribution as the term proportional to 
the scalar form factor. 

Finally, we point out that Adler's relation between weak single pion production and 
the elastic neutrino-nucleon cross section at low energies [4.88] is also modified by the 
novel term proportional to the scalar form factor of the nucleon. 
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V. THE NUCLEON-NUCLEON INTERACTION 



One of the best studied objects in nuclear physics is the interaction between two 
nucleons. It is well-known that to a high degree of accuracy one can consider nuclei as 
made of nucleons which behave non-relativistically and interact pair-wise. Furthermore, 
three- and many-body forces are believed to be small. This has lead to the construc- 
tion of semi-phenomenological boson exchange potentials. These describe accurately 
deuteron properties and low-energy nucleon-nuclcon phase shifts. The salient feature 
of these potentials [5.1-5.9] can be summarized as follows. At large separation, there is 
one-pion exchange first introduced by Yukawa [5.1]. The intermediate-range attraction 
between two nucleons can be understood in terms of a fictitious scalar-isoscalar cr-meson 
with a mass of approximatively 550 MeV. a;-meson exchange gives rise to part of the 
short-range repulsion and the p features prominently in the isovector-tensor channel, 
where it cuts down most of the pion tensor potential. There are, of course, differences 
in the various potentials but these will not be discussed here. As we will show in what 
follows, the effective chiral Lagrangian approach of QCD can be used to gain some in- 
sight into the question why these potentials work after all. One can also extend these 
considerations to many-nucleon forces as well as meson-exchange currents. The latter 
are the cleanest signal of non-nucleonic degrees of freedom in nuclei, in particular of 
pions [5.10,5.11]. First, however, we have to discuss some technical subtleties related to 
the appearance of different energy scales in two (and many) nucleon systems. 

V.l. GENERAL CONSIDERATIONS 

The consequences of the spontaneous chiral symmetry breakdown for the problem 
of the forces between nucleons were first discussed by Weinberg [5.12,5.13]. Since in 
his papers and the subsequent ones of the Texas/Seattle group [5.14,5.15,5.16,5.17,5.18] 
another language than the previously discussed one is used, we first have to review 
the construction of the chiral Lagrangian and the power counting in this scheme. We 
will then address the problem of small energy scales (small energy denominators) re- 
lated to the nuclear binding. Since SU(2)xSU(2) is locally isomorphic to S0(4) and 
SU(2)~SO(3), one can use stereographic coordinates to describe the Goldstone bosons 
living on the three sphere ~SO(4)/SO(3). The covariant derivative of the pions is 

D,= ^, D = l + K, . (5.1) 

Notice that we use F^^ = 93 MeV in contrast to the conventions of refs.[5.12-5.18] which 
have = 186 MeV. Nucleons are decribed by a Dirac spinor which is also a Pauli 
spinor in isospace. The effective chiral Lagrangian is constructed out of the fields 5^, 
N and their covariant derivatives, 

V^N = {d^ + t-E^)N 
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where -E^ = i{7i x D^)/Ft^ and t = t/2 the isospin generators in the | representation 
(for more details, see appendix C. There it is also shown how to include the A resonance 
in this framework). The most general effective chiral Lagrangian follows by consider- 
ing all possible isoscalar terms and imposing proper Lorentz, parity and time-reversal 
invariance and hermiticity. The explicit chiral symmetry breaking is due to the fourth 
component of a chiral four vector with coefficient (m^ + md)/2. The construction of 
these terms is also discussed in appendix C. 

Consider now the S-matrix for the scattering process of N incoming and N outgoing 
nucleons, all with momenta smaller than some scale Q, say Q <ti Mp ~ m. This means 
that the nucleons are non-relativistic and it thus is appropriate to use old-fashioned 
time-ordered perturbation theory. In that case, one deals with energy denominators for 
the intermediate states instead of the usual particle propagators. The idea is now to 
order all contributions in powers of Q/m. This is, however, not straightforward. In fact, 
as will become clear later, one is dealing with a three scale problem. 



n2 

zm 



(5.3) 



The appearance of the nucleon mass m is obvious and the related scale can be removed 
by either defining velocity-dependent fields (cf. section 3.3) or using the equation of 
motion to eliminate the large time derivatives, DqN mN, as described below [5.13]. 
The occurence of the third (small) scale Q^/2m is related to the presence of shallow 
nuclear bound states. In fact, consider a time-ordered diagram with only N nucleons 
in the intermediate state. The energy denominator associated to such a diagram is of 
order Q^/2m, whereas all other diagrams contain at least one pion in the intermediate 
state and have energy denominators of order Q. The appearance of this small scale 
causes the perturbation theory to diverge and leads to the formation of nuclear bound 
states. It is instructive to understand this in more detail from conventional Feynman 
diagram techniques. For that, consider the box graph (called /) shown in fig. 5.1 for 
static nucleons. For a nucleon at rest, the propagator takes the form 



SN{q) 



(5.4) 



with A the projection matrix onto positive energy, zero momentum Dirac wave functions. 



- -<— 
q 



. P-q 



Fig. 5.1: The box diagram for NN scattering discussed in the text. Solid 
(dashed) lines give nucleons (pions) and the pertinent momenta are exhibited. 
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One finds for / 



^^J^ \^ + ieq^-ie{q^ + MlY ^ ) ^^^^ ^^"^^ 

where the polynomial P{q) includes terms that are non-vanishing as g° goes to zero. 
Consequently, the integral over g° in / has an infrared (IR) divergence. The contour of 
integration is pinched between the two poles at = ±ie and it is therefore impossible 
to distort it in such a way to avoid these singularities. This is distinctively different from 
the single-nucleon case discussed in the previous sections. Of course, this IR divergence 
is an artefact of the approximation (5.4), i.e. treating the nucleons as static. Indeed, 
if one includes the nucleon kinetic energy, >Ckin = N'V'^N/2m, the poles are shifted 
to q*^ ~ ±[g^/2m — ie] and the g° integral has the finite value 2z7rm/|g p. However, 
from the counting of small momenta one would expect this integral to scale as Q"-*^ 
(since each propagator scales as Q~^), i.e. it is enhanced by a large factor m/Q. This 
enhancement is at the heart of the nuclear binding. Such small scales can only come 
from reducible diagrams and to avoid these, one defines an effective potential as the sum 
of time-ordered perturbation theory graphs for the T-matrix excluding those with pure 
nucleon intermediate states [5.12,5.13]. The full machinery of expanding in powers of Q 
is therefore only applied to the reducible diagrams and the full S~matrix is obtained by 
solving a Lippmann-Schwinger or Schrodinger equation with the effective potential. This 
will be discussed in more detail when we consider the NN-potential. At this point we 
should stress that this separation of reducible versus irreducible diagrams is unavoidable 
but still poses some concern to the purist since in the process of solving such bound state 
problems, one can not completely exclude some large momentum components. 

To remove the scale m from the problem, one can make use of a field redefinition 
and replace the time derivative of the nucleon field by the nucleon field equations [5.13] 

[^^0 - ^^t- (Tf X don)] N^[m+ ^tx (a • V)7f + . . .] iV (5.6) 

So the chiral invariant time derivative of the nucleon field in the interaction Lagrangian 
simply changes the coefficients of other terms allowed (and required) by chiral symmetry. 
Therefore, one can simply adopt a definition of the fields and the constants in >Ceff such 
that no time derivatives appear. Alternatively, one could use the methods described in 
section 3.3. 

In summary, once the scales m and Q^/2m are removed by considering irreducible 
diagrams and using appropriate field definitions, one can order all remaining contribu- 
tions to the N-nucleon forces in powers of Q/m ~ Q/Mp. To do that, we have to extend 
the power counting scheme discussed in section 3.2 (since there it was assumed that 
only one nucleon line runs through a given diagram). Let us do that in time-ordered 
perturbation theory. Derivatives are counting as order Q, pion fields as Q~^l'^ (using 
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the conventional normalization ~ l/y2uj for pion fields), intermediate nucleons or A's* 
as and loop integrals as J cP'k ~ . The chiral dimension of a graph with En ex- 
ternal nucleon lines, D intermediate states, L loops, C connected pieces and Vi vertices 
of type i (with di derivatives or pion masses and {pi) nucleon (pion) fields) follows to 
be (we set C = 1 for the moment) [5.12,5.13,5.14] 



zy = 3L-i? + ^Fi((i,-|) (5.7) 
and using the topological identities 

D = ^Vi-l (5.7a) 

i 

L = I + 1 (5.76) 

i 

2I + En = Y,V^ip^ + m) (5.7c) 

i 

with / the total number of internal lines, one arrives at 



Ai = di + ^rii - 2 



(5.8) 



In case of C > 1, this generalizes to 

iy = 2{L-C) + 4-^En + J2^i^i ■ (5-9) 

It is now important to notice that chiral symmetry demands 

A, > . (5.10) 

This can easily be understood. Operators involving pions only have at least two deriva- 
tives or two powers of and nucleon bilinears have at least one derivative. As before, 
to lowest order one calculates tree diagrams with Aj = 0. Loop diagrams are sup- 
pressed by powers of Q^. We have now assembled all tools to take a closer look at the 
nucleon-nucleon potential and the problem of many-nucleon forces. 



* We include here the A since that has also been done in ref.[5.17] which reported first 
full scale numerical results. We remind the reader here of the reservations made in section 
3.4. 
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Fig. 5.2: Lowest order diagrams contributing to the NN interaction, (a) is a 
set of four-nucleon contact terms and (a) is the one-pion exchange. 



V.2. THE NUCLEON-NUCLEON POTENTIAL 

From eq.(5.8) it follows that for E„, = 4 (C = 1), the minimum value of u is given 
by L = (tree diagrams) with = 0. The latter condition can either be fulfilled having 
diagrams with di — 1 and ni — 2 (one-pion exchange) or having di — Q and nj = 4 
(four-nucleon contact terms) (see fig. 5. 2). 
The corresponding Lagrangian reads 



N 



2£)2v ^ / 2D 
ido-m- ^rt- • V)?? - ^^t- (tt x don) 



N (5.11) 



- -Cs{NN){NN) + -CriNaN) ■ (NaN) 
2 2 



where Cs and Ct are new low-energy constants related to of eq.(3.10). Notice 

that because of Fermi statistics (Fierz rearrangement) one can rewrite a non-derivative 
four-nucleon contact term involving t as a combination of the last two terms in (5.11). It 
is straightforward to construct the interaction Hamiltonian related to C^^^ as detailed in 
refs. [5.12,5.13]. For the two-nucleon case, the effective potential derived then is simply 
the sum of one-pion exchange and a contact interaction arising from the two last terms 
in eq.(5.11). One finds in coordinate space 

Vi2(ri - fa) = [Cs + Crffi ■ a2]5^^^(fi - ra) 

- (^)'(^'i • t2){a, ■ V^){a2 ■ V2) Y{\n - ^2!) - (l' - 2') ^^"^^^ 

with Y{r) = exp{—MT^r)/4nr the standard Yukawa function. Clearly, the potential 
(5.12) is only a crude approximation to the NN forces. In particular, the correlated J = 
T = pion pair exchange that is believed to furnish the intermediate range attraction 
is hidden in the constant Cs- As stressed by Weinberg [5.12,5.13], the constanst Cs 
has to be "unnaturally" large to lead to shallow nuclear bound states. If one considers 
e.g. the L — spin singlet state and approximates the potential by C6^^\fi — fa), with 
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C = C s — ^Ct -\- Qa/ ^F'^ ■, one can solve the Lippmann-Schwinger equation in momentum 
space and finds after renormafization (C —>■ Cr) a bound state with binding energy 

According to naive dimensional analysis [5.19] one expects Cij/27r^ ~ ^/-^x ^ ^ GeV~^. 
However, to get the deuteron binding energy oi B = 2.22 MeV, CrI^tP' must have the 
large value of (260 MeV)~^. This then suggests that Qjm ~ {Qj ky)"^ and one adopts 
the rule that a pure nucleon intermediate state counts as if it contributes two more 
powers of 1/Q than any other intermediate state. Notice also that the lowest order NN 
potential leaves no room for the short-range repulsion or the spin-orbit forces and alike. 
On the other hand, one-pion exchange is known to describe well the higher partial waves 
in NN scattering at low energies. 

In the work of refs.[5.16-5.18], the A was also put in the effective theory based on 
the closeness of this resonance to the nucleon ground state [5.20], i.e. mA — m <^ Mp. 

In that case, one has additional lowest order terms, collected in L^'^ 



[NT ■ {S ■ V)7fA + h.c] - DtNBIN ■ -[NSTA + h.c] + 



(5.14) 



where the ellipsis stands for terms involving more A's which are irrelevant for the NN 
potential. The constant Ha can be calculated e.g. from the decay width r(A A^tt), 
Ha — 2.7. Dt is a new low-energy constant and only enters the calculation of 3N (or 
more) forces. 

To calculate corrections, one also has to consider the terms with Aj = 1 and Aj = 2. 
These are discussed in detail in refs.[5.14,5.16,5.17]. We only give a short outline of the 
pertinent effective Lagrangians here. For C^^\ one finds 

-NNN{t- a • Vtt )iV - -^^{NtaN x NtaN) ■ Vtt 



2F^D ' ' 2F^D 

- -EiNNNtN- NtN - -E2NNNtaN ■ NtaN 
2 2 

- ^EaiNtaN x NtaN) ■ NtaN + . . . 

(5.15) 

where the S^, Di and Ei are new parameters. S3 is obviously related to the ttN cr-term 
and Si, 2 could be determined from nN scattering (cf. section 4.3). At present, this has 
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not been done but all Di and Ei are left free. The six-fermion terms proportional 

to £'1,2,3 do not enter the NN potential. Also, terms with explicit A's are not shown. 

The terms with = 2 take the form 

1 _ A' _ 

£(2) = N^'^N - ^[N(t-a-Vn)V^N + V^N{t- aVTT)]N 

A' 

- -^VN{t ■a-VTf)-VN - C[[{NVNf + {VNNf] - C'^iNVN) ■ (ViViV) + . . . 

(5.16) 

where the A[ and C'^ are undetermined coefficients and the ellipsis denotes other terms 
with two derivatives or more pion fields. Because only the term proportional to Bi 
contains a time derivative, the corresponding interaction Hamiltonian can be taken as 
—jC'''^^ — C^"^^ up to terms with more pion fields. 

We are now in the position to systematically discuss the corrections to the lowest 

order potential V^/^^ eq.(5.12). As already noted in [5.13], the first corrections arise 
from the same graphs as in fig. 5. 2 with exactly one insertion from C^^\ However, since 
all time derivatives have been eliminated, one would have to construct a vertex with an 
odd number of three-momenta. This clashes with parity and one therefore concludes 
that 

VS^ = . (5.17) 

The second corrections fall into two classes. The first one are tree graphs with exactly 
one vertex or kinetic energy insertion from C^'^\ leading to 

+ (,-2 + M2)V2 (^-4;;^--) 



m 



+ C^q- 



+ C2/c^ + (Csg + C4k'^)ai ■ + + a^) ■ (qxk) + CqGi ■ qa^ ■ q + C-jOx ■ka2-k 

(5.19) 

with q = p — p' the transferred momentum, k = {p + p')/^, 2m + E the energy in the 
center of mass and p{') is the initial (final) cm momentum. The Ai, Ci are combinations 
of the A[,C[ in (5.16). Second, there are the one-loop contributions, i.e. the two-pion 
exchange, of the form 

ta(2) _ ta(2) , T^(2) ^(2) /p. 

•^12, loop ~ ''l2,noA ^ ''l2,oneA ^ ''l2,twoA's yo.Z,\J) 

corresponding to no, one and two isobars in the intermediate states. The first term on 
the r.h.s. of (5.20) reads [5.14] 

1 /■ dH 1 {u+-u_f (gA.2-> f dH 1 f-f 



2 



32^4 (27r)3a;+a;_ a;+ + a;_ ^2^2^ (27r)3 a;+a;_ a;+ + a;_ 

l,gA.4 f dH 1 //3 ^ 8^1-^2 V-2 



(5.20a) 



4^2F2^ J {27r)^ ooIlv- {\uj_ uj+ + u. 

+ 4^-- + ^1 ■ X ^2 • (g X I)] 
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with u)± = y {q ± Z )2 + 4M^ and the explicit expressions for the contributions with one 
or two intermediate isobars can be found in ref. [5.16]. Finally, the third corrections have 
also been evaluated. For the same reason as discussed above, one finds 

^i?,lee = ' (5-21) 

and in the one-loop graphs one has exactly one insertion from eq.(5.15) leading to 

n?Joop = VSloA + VSineA (5-22a) 

with 

3{f - ff [AMlB^ - B,if - f)] 

(5.226) 

+ 16^2^1 • (q X f) a2-iqx 1% ■ h \ 

and the corresponding expression with one intermediate A is given in ref. [5. 16]. We 
are now at the point to discuss the structure of the momentum space potentials. The 
term proportional to Ai in (5.19) can be considered as coming from the expansion of 
the pion-nucleon form factor in powers of momenta over the cut-off. Indeed, a typical 
monopole form factor Fm(9 ^) = A^/(A^ + ^^) would amount to Ai = 2/A^ = 2 GeV~^ 
for A = 1 GeV. The A2-tcrm is a so-called non-adiabatic correction and the last term 
in the square brackets in (5.19) is the energy-dependent recoil correction. This modified 
one-pion exchange gives the long-range part of the potential. At intermediate distances, 
the two-pion exchange generated from the one-loop diagrams comes in. Many of the box 
and crossed box diagrams are well-known from the work of Briickner and Watson [5.21], 
Sugawara and von Hippel [5.22] and Sugawara and Okubo [5.23]. However, the diagrams 
with one A^A^TTTr-vertex have coefficients which are either fixed by chiral symmetry (like 
e.g. g\ or ((/a^a)^), or are in principle determined from ttN scattering (the -61,2,3)- We 
come back to these later on. Furthermore, at this order there is no correlated two-pion 
exchange, it only shows up at order [Q/MpY and higher. This is consistent with the 
analysis of the intermediate-range attraction made in ref. [5.24] based on the spectral 
analysis of the scalar pion form factor. All physics of shorter ranges is buried in the 
various contact terms, i.e. the coefficients C^. The various loop integrals like (5.20a) or 
(5.22b) are all divergent. At present, this is treated by a momentum space cut-off. The 
form of the cut-off function is chosen to be gaussian as in the Nijmegen approach [5.9]. 
Specifically, all loop momenta I are cut off by exp(— Z ^/A^). Furthermore, since as argued 
before all momenta should be smaller than some scale A, the transferred momentum q 
is also damped with the same type of cut-off, exp(— (f^/A^). In practise, A = Mp is 
chosen. Of course, one would like to see a more elegant regularization employed such 



(3) _ 



1 



12,noA — a\ 



9A 



4V2F2' 

TT 



(27r)3 uoWi 
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as dimensional regularization. The potential is then transformed into coordinate space, 
where it is energy-dependent and takes the form 

20 Q '1)2 

^ = Y.^P^^^d-r^d^2-^^)0' ' (5-23) 
p=i 

with 

^vir. |:, E) = V^ir- E) + ^^(r; + V^\r; E)-^ , (5.23a) 

and the OP"^^' - '^*^ are a complete basis of operators made of the a^, the fi (z = 1,2), 
the tensor operator 5*12, the total spin operator S = {ai + (T2)/2 as well as the angular 
momentum operator L — —if x V. AUtogether, the potential contains 26 parameters, 
but it should be stressed that some of these are indeed not free but given by constraints 
from ttN scattering. Let us briefly dicuss the connection between the Bi (i = 1,2,3) 
and the various Cj discussed in section 3.4. One finds [5.25] 

Bi = 4c3 = 13.6GeV"\ B2 = 8ci = -7.0GeV~\ S3 = -4c4 - — = -17.5GeV"\ 

m 

(5.24) 

for the central values of the Cj from section 3.4. These constraints have not yet been 
implemented in the numerical calculations. Furthermore, in the fitting procedure of 
ref.[5.17], even the fundamental parameters Fj^, qa and Ha were left free. 

The parameters are fixed from a best fit to deuteron properties (binding energy, 
magnetic moment and electric quadrupole moment) and the np and pp phase shifts with 
J < 2 and Tiab < 100 MeV. The higher partial waves are supposedly dominated by one 
pion exchange and were therefore not used to constrain the fit [5.17]. The results for the 
deuteron properties are summarized in table 5.1 and some typical phases are shown in 
fig. 5. 3 (more of these can be found in ref.[5.17]). The resulting values for F^, qa and Ha 
are 86 MeV, 1.33 and 2.03, respectively, not too far from their empirical values. Using 
the Goldberger-Treiman relation, this corresponds to a pion-nucleon coupling constant 
of 14.5. 



Observable 


Fit Exp. 


B [MeV] 
lid [n.m.] 
Q [fm2] 

V 


2.18 2.224579(9) 
0.851 0.857406(1) 
0.231 0.2859(3) 
0.0239 0.0271(4) 



Table 1: Deuteron properties: binding energy B, magnetic moment /U^, 
quadrupole moment Q and the asymptotic D/S ratio rj [5.17]. The data are 
from ref.[5.26]. 
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Fig. 5.3: Best fit to some partial waves. Phase shifts in degrees versus Tlab 
MeV. We thank L. Ray and U. van Kolck for supplying us with the pertinent 
numbers. 



The calculated D-state probability is 5%, i.e. of comparable size to what one gets 
from the Bonn or Paris potential. The L = singlet and triplet scattering lengths 
are predicted to be -15.0 fm and 5.46 fm, in fair agreement with the empirical values 
of -16.4(1.9) fm and 5.396(11) fm [5.27], respectively. A close look at table 1 and the 
phase shifts reveals that the fit is not too satisfactory, in particular the deviation in the 
deuteron quadrupole moment as well as in certain P-waves are quite substantial for the 
accuracy one is used from the semi-phenomenological potentials. Holinde has argued 
[5.28] that some of these discrepancies reside in the asymmetric treatment of the pions 
and rho mesons. In particular, the fine cancellations between the tensor forces from the 
the TT and the p are unbalanced here. This in turn leads to an overall unsatisfactory 
tensor force which mostly shows up in the before mentioned observables. At present, it 
is not clear how one has to go about these problems. Clearly, more detailed fits allowing 
also for variations in the cut-off function and its associated cut off are called for and as 
already stressed a few times, the strictures from the single nucleon sector on some of the 
parameters should be enforced. On the positive side, it is worth pointing out that such 
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a straightforward potential based solely on chiral symmetry constraints can describe the 
low-energy NN phases and deuteron properties within some accuracy. 



V.3. MORE THAN TWO NUCLEONS 

Nucleons interact mainly via two-body forces. However, there is some indication 
of small three-nucleon forces (for a recent review see ref.[5.29]). Standard two-nucleon 
potentials when employed to and ^He tend to lead to an underbinding of typically 
0.5 to 5 MeV. This in turn means that if this discrepancy is due to a three-nucleon force, 
it has to be small, typically a few percent of the 2N force. However, recent calculations 
of the Bochum group [5.30] have indicated that a fine-tuning of the NN-potential can 
lead to a satisfactory description of the three-nucleon system. This, however, involves 
rather large charge-symmetry breaking effects. The chiral Lagrangian analysis can shed 
some light about the size of three (and many) nucleons forces to be expected as will be 
discussed in this section. The role of chiral symmetry, i.e. the use of the pseudovector 
ttN coupling leading to small 3A/" forces has long been conjectured [5.31,5.32]. As will 
be shown, this can now be put on firmer grounds. 

To leading order, the potential between A nucleons is simply given by a pair-wise 
sum of the lowest order two-nucleon potential (5.12) since decreasing the number of 
connected pieces C costs powers of Q, cf. eq.(5.9). Therefore, j^min = 6 — 3^ leading to 

(fi , . . . , ) = J] _ ^. ) ^ (5 25) 

(y) 

where the sum runs over all nucleon pairs. This is a rather crude approximation. There- 
fore, one has to consider corrections [5.13,5.18]. We follow here the recent analysis by 
van Kolck [5.18]. To order v = I'min + 2, one has the following form for the potential 
between A nucleons: 

3 

5^F(^)(fi,...,f^) = 

n=0 

(5-26) 

5]5^vi-)(r-,r-)+5]5]yi'^)(r-,r-,ffc)+ J] {n - r-;n - n) , 

(ij) n=0 (ijk) n=2 {ij;kl) n=2 

At this order, the 2N potential contains the one-pion exchange recoil (5.19) among 
other terms. The 3A^ potential consists of the three types of terms shown in fig. 5.4. 
and the double pair potential V2,2 is made of two sets of diagrams, the first being two 
disconnected OPE graphs and the second one one OPE graph separated from a lowest 
order two-nucleon contact term. It was first shown by Weinberg [5.12] that all diagrams 
containing the non-linear tctiN vertex add up to zero to lowest order. Furthermore, as 
detailed in [5.18], the remaining three-body forces and double — pair forces are canceled 
by the energy-dependence of the two-body potential when the latter is iterated in the 
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Fig. 5.4: Tree graphs contributing to the three-nucleon potential. For each 
class of contributions, one typical diagram is shown. All other irreducible time 
orderings have to be considered. 



Lippmann-Schwinger equation. Such kind of cancellation had been noticed before [5.33] 
and it means that if one chooses to work with an energy-dependent A^'AT-potential, one 
has to include at the same time 3A'" and double-2A/" forces calculated consistently in the 
same framework. 

The corrections at next order, u — z^min + 3 are discussed in [5.18]. The correction 
to the double-pair potential vanishes for the same reasons discussed before (5.17) and 
the remaining 3A'" potential takes the form 

^3'^'' {Qij', Qjk) = Eiti ■ tk + E2ai -akU- tu + E^i&j ■ [ai x &k) tj ■ {U x tk ) 

<?fe • Qjk [Di {ti -tkai + tj -tk^j) — tj ■ {ti X tk) X aj] ■ Qjk 



2F2 coij 



+2 



9A 

2F3 



1 



^i-Qij^k- Qjk [U ■ tk (Bi Qij ■ Qjk + -B3 M^) 



—B2 tj ■ {ti X tk) ffj ■ {qij X Qjk )] + two cyclic permutations of {ijk) , 

(5.27) 

which contains 8 parameters, three of which are in principle fixed by ttN scattering, cf. 
(5.24), and the Di could be determined form 7r-deuteron scattering or pion production 
on two-nucleon systems. The three Ei can only be fixed from data on 3A^ systems. Such 
an analysis is not yet available. A simplification arises if one includes the A(1232) in the 
effective Lagrangian. In that case, one has an additional 3A'" force of order u = i/min + 2 
which has the form (5.27) and the corresponding low-energy constants can be expressed 
in terms of A properties. 



El 



0, E2 



1 



9 mA — m AT ' 
4 DtHa „ 2 



E^ 



1 



18 mA — TUN ' 



9 mA — TUN ' 

9 mA — TOjv ' 



D2 

B2^- 



DtHa 



9 mA — ruN ' 
9 mA — ruN 



(5.28) 



with Dt a new low-energy constant. The terms proportional to h\, i.e. the two- 
pion exchange pieces, are nothing but the old Fujita-Miyazawa force [5.34] which is 
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accompanied here by a shorter-range contribution proportional to the parameter Dt- 
The relation of these results to existing three-nucleon force models is discussed in [5.18]. 
No explicit calculation has yet been performed in the framework outlined here. 

To summarize, the chiral Lagrangian approach implies that few-nucleon forces are 
generically smaller than the dominant two-nucleon forces. There are strong cancellations 
between the leading (static) 3A^ force, the double-pair forces and the iterated leading 
energy-dependence of the two-nucleon force. The remaining 3A^ force is expected to be 
dominated by the Fujita-Miyazawa force plus a shorter-range term involving one new 
parameter, Dt- These forces are expected to be of order 0{M^/Mp), i.e. some 5% 
of the A^A^ contribution. By a similar argument, one expects even smaller 4A'^ forces 
of order (9(M^/M^) (less than 1% compared to the A^A^ contribution). Consequently, 
this analysis leads one to expect that four-nucleon systems are underbound by roughly 
four times the triton underbinding when pure A'^A'^ forces are used. These dimensional 
arguments have yet to be substantiated by a quantitative calculation in the framework 
outlined here. 

V.4. THREE BODY INTERACTIONS BETWEEN NUCLEONS, PIONS 
AND PHOTONS 

In the previous sections we saw that the calculation of the two-body interactions 
between nucleons involves a large number of free parameters and that the resulting 
potential does not yet have the accuracy of the standard semi-phenomenological ones. 
It was therefore proposed by Weinberg [5.15] to use the empirical knowledge about the 
two-body interactions between nucleons as well as pions and nucleons and combine 
these with the remaining contributions from the potential of the same power in small 
momenta, which are graphs with three particles (or two pairs of particles) interacting. 
Stated differently, if one looks at any nuclear process like elastic pion scattering, pion 
photoproduction and so on, the calculation of the S-matrix element < > 
is split into two parts. On one hand, chiral perturbation theory is used to calculate 
the irreducible kernel X to a certain power in Q/Mp and on the other hand, one uses 
phenomenological input to construct the nuclear wave-function The virtue of this 
method lies in the fact that it orders the relevant contributions to X in a systematic 
fashion and thus can explain the dominance of certain digrams contributing to a certain 
process (which is often already known from models but also often not fully understood). 
One thus encompasses many of the problems which arise in the CHPT calculation of the 
NN interaction. However, one also looses a certain degree of consistency since one does 
not calculate nuclear wave-functions and operators in the same framework. This has to 
be kept in mind in what follows. How much this could be improved by systematically 
generating also the nuclear wave-functions from a potential solely derived from chiral 
symmetry as described in section 5.2 is not yet clear. 

In ref.[5.15], this method is applied to pion scattering on complex nuclei. To be 
more specific, the calculation is simplified by considering the corresponding scattering 
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length, i.e. the reaction with the in-coming and out-going pion having vanishing three- 
momentum. In this process, we have = A external nucleons and N^^ — 1 external 
pions. The leading irreducible graphs are those in which the pion scatters off a single 
nucleon, evaluated using the lowest order vertices with = in the tree approximation 
(this is what is called the impulse approximation). To second order in small momenta, 
the two-body interactions involving loop graphs and tree diagrams with Aj = 1,2 are 
taken from phenomenological models of scattering and the remaining three-body 
interactions between two nucleons and the pion (calculated from tree diagrams with 
Aj = vertices) are shown in fig. 5. 5 (these are the ones that contribute to the pion- 
nucleus scattering length). 



/ 



/ 



a 



I 



I- 




Fig. 5.5: Irreducible connected graphs for the interaction of a pion with a 
pair of nucleons that contribute to the pion-nucleus scattering length. Only 
one time-ordered diagram per class is shown. 

The details of the calculation are found in ref.[5.15]. The pion-nucleus scattering 
length takes the form 



1 -I- Mt^/wLn s—^ (j.) three-body 



1 + M^/AniN 



E 4V + afr-^°^- , (5.29) 



(r) 

where a, b are the pion isovector indices, a^^ is the pion scattering length of the rth 
nucleon and tun is the nucleon mass. The three-body contribution stemming from 
diagrams 5.5a-f takes the form 

three-body _ ^ V- / J_(2fir) . fis) r _ .(r).(s) _ fis)Jr)A 

" 327r4F4(l + Mjmd)4-\Q2/^* * H ) ^ 
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+ 132.4ir4(i + M.M,)^V' ^ ^'^^ (5?. + M,^)3/2 ; (5-30) 

where r, s label individual nucleons and {t^^)ab = —i^abc is the pion isospin vector. 
Notice that there is some cancellation between the second and third term in eq.(5.30) 
as qrs — > oo so that the result is less sensitive to the nuclear wave function at small 
separation (see also ref.[5.35]). For an isoscalar nucleus like the deuteron, the expressions 
in (5.30) simplify considerably since the last term vanishes and t^^t^^^ + t'^^t^^'^ can 
be replaced by (2/3)5„bB'^) -t^'h Even more important, for an isoscalar nucleus the 
nominally leading term in eq.(5.29) are vanishing since they involve an expectation 
valueof So one is left with small 0{M^) contributions of the cr-term type 

to the impulse approximation. This is the reason why it makes sense to compare the 
corrections calculated in CHPT directly with the empirical values of the nd scattering 
length. Using isospin symmetry, one can now calculate the two-body contribution to 
the nd scattering length and finds [5.36,5.37] 

^^^^ (a.p + a^J = -(0.021 ± 0.006) , (5.31) 

with md the deuteron mass. The first term in (5.30) gives the well-known and large 
rescattering contribution. It is much bigger than the remaining three-body terms due 
to the anomalously large radius of the deuteron. Using empirical information on nN 
scattering to calculate the rescattering contribution (for details, see e.g. [5.37]), and 
the Bonn potential to produce the deuteron wave function for the calculation of the 
remaining three-body contributions [5.15], one finds 

^three-body ^ _^Q_Q26± 0.001) M"^ - 0.0005 M"^ , (5.32) 

where the first number refers to the first term in (5.30) and the second one to the 
remaining three-body contributions. The latter ones are very small, well within the 
uncertainties of the other dominant terms. This justifies the final theoretical result of 
-(0.047±0.006) in good agreement with the empiral value of -(0.056±0.009) M"^ 
[5.37]. This is a good example how the chiral Lagrangian machinery can be used to 
explain why one is allowed to take only certain graphs like the rescattering contribution 
but neglect the others which are of the same order in the expansion in small momenta. 

A similar calculation has been been performed by Beane et al. [5.38] for pion 
photoproduction on nuclei. They have considered all corrections which are suppressed 
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by two powers in small momenta as compared to the lowest order impulse approximation 
using Aj = vertices. Again, there is a single scattering contribution taken from 
phenomenology plus some three-body interactions (and disconnected graphs involving 
pairs of nucleons for A > 2). In the case of the deuteron and considering neutral pion 
photopro duct ion, the calculation simplifies enormeously. At threshold, the invariant 
matrix-element takes the form 

M = 2iJ-€Ed , (5.33) 

with J the spin of the deuteron. The single scattering contribution can be compactly 
written as 

with S{k/2) the deuteron form factor evaluated for the threshold kinematics {k = 0.685 

fm"-*^) and using the currently accepted value of Eqj^ = —2.0 • 10~^M~^ and taking 

EqI^ = 0.5 • 10~^M~^ from the incomplete "LET" as discussed in section 4.4. Clearly, 
this prediction hinges on these particular values for the elementary pion photoproduction 
electric dipole amplitudes. Also, the one for the 772 Tv^n is not taken from experiment. 
The three-body graphs which contribute are of the exchange current type (sec also the 
next section). In class (a), the photon couples to the pion which is interchanged between 
the two nucleons and the second class (b) involves the diagrams with exactly one NNtttt 
and one NNtt^ lowest order vertex. Their contributions to Ed take the form 

= eg^^^^iv r F(kr)dr 

167r2(M, + mrf)F3 io h 

with the integrands F{kr) and G{zkr) given in [5.38]. Using again the Bonn potential 
to generate the deuteron wave function, one finds 

^(«) = _2.24 • 10-3 M-^ , E^''^ = -0.42 • 10"^ M"^ . (5.36) 

Summing up (5.34) and (5.36), one finds E^, = —3.99-10-3 ^-^tT^ good agreement with 
the empirical value of (—3.74 ± 0.25) • lO^^M^-*^ [5.39]. However, as already stressed, 
the single scattering contribution (5.34) is afflicted by large uncertainties and it remains 

to be seen which value for Eq_^^ the new data from Mainz and Saskatoon will favor and 

how accurate the guess for the electric dipole amplitude Eq^^ will turn out to be (once 
measured). 
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Fig. 5.6: The lowest order and dominant pion exchange current diagrams. 
The wiggly line denotes an electroweak probe. 



V.5. EXCHANGE CURRENTS 

Meson exchange currents arise naturally in the meson-exchange picture of the nu- 
clear forces. An external electromagnetic or axial probe does not only couple to the 
nucleons (impulse approximation, one-body operators) but also to the mesons in flight 
or leads to nonlinear seagull- type vertices (these are typical two-body operators), cf. 
fig. 5. 6. 

Also known since many decades [5.40], the first compelling evidence for meson ex- 
change currents came from the calculation of neutron radiative capture at threshold 
and deuteron photodisintegration [5.10,5.11] (for reviews, see [5.19,5.20]). By now, the 
existence of these two-body operators can be considered verified experimentally [5.41]. 
More than 10 years ago, the so-called "chiral filter hypothesis" was introduced [5.42]. 
It states that the response of a nucleus to a long-wavelength electroweak probe is given 
solely by the soft-pion exchange terms dictated by chiral symmetry. Consider any ex- 
change current contribution X, this means 

X — + X2tt + '^R + '^N* = 'Vsoft-pion(l + C) (5.37) 

where C is a generally small correction to the leading one (C -C 1), R denotes the 
effects of heavier meson exchange and N* the excitation of nucleon resonances. Stated 
differently, all the heavier mesons and nucleon excitations, multi-pion exchanges and 
form factor effects are not seen, even up to energies of the order of 1 GeV (although 
individual contributions can be large). Why this holds true at such energies has not yet 
been explained. 

Rho [5.43] has given a simple argument how the "chiral filter" can occur in nuclei 
for small and moderate momentum transfer. His lowest order analysis follows closely 
the one of Weinberg [5.12]. Any matrix-element ME of the effective potential V or of 
a current has the form ME ~ Q'^ F{Q/m), as discussed before. In the presence of a 
slowly varying external electromagnetic field (or a weak one) , the Hamiltonian takes 
the form 



Heff = Htttt + HttJV + Hat AT + Hext 

e r Wa - 1 (5.38) 

Hext = [(tt X d^Tv)3 + ^^ivTsT^l^ X 7r)3^'ivJ + 



TV 
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and this additional term Hext modifies the power counting. Since one derivative is 
replaced by the external current, the tree graphs {L = 0) with the lowest power u must 
fulfill 

+ ^n, - 2 = -1 (5.39) 

which leads to di = and rij = 2 or = 1 and rii = 0. In contrast to the case of the 
nuclear forces, to leading order no four-nucleon contact terms contribute. This means 
that there is no short-ranged two-body current (to lowest order), the exchange current 
is entirely given in terms of the soft-pion component derived from (5.38). This justifies 
the chiral filter hypothesis at tree level. 

Park et al.[5.44] have also investigated one-loop corrections to the axial-charge 
operator, the first correction to the pertinent soft-pion matrix-element is suppressed by 
[Q/m)'^ . The authors of ref.[5.44] use the heavy mass formalism which simplifies the 
calculation considerably. They argue that 5-function type contact terms are suppressed 
by the short-range nuclear correlations. Stated differently, since the chiral counting is 
only meaningful as long as Q^/m^ <S 1, one can not describe processes that involve 
energy or momentum scales exceeding this criterion. Short-distance interactions are 
therefore not accessible by chiral perturbation theory. This is different in philosophy 
from the calculation of the nuclear forces by van Kolck et al. [5.14,5.17] where it is 
argued that the four-nucleon contact terms are smeared out over a distance ~ l/Mp. In 
ref.[5.44], it is shown that the loop corrections are small for distances r > 0.6 fm, which 
means that the lowest order argument of Rho [5.43] is robust to one-loop order. To be 
more precise, the results of ref. [5.44,5.45] can be summarized as follows. One writes the 
nuclear matrix element of the axial-charge operator as 

^axiai = Ml + Ms , Ms = M^'^^ (l + S) (5.40) 

where the subscript n = 1,2 refers to one- and two-body operators and 'tree' corre- 
ponds to the diagrams shown in fig. 5. 6 (with renormalized couplings). One finds almost 
independently of the mass number that 6 < 0.1, i.e. the tree contribution dominates. 
In this particular case, the two-body operator is of comparable size to the one-body 
operator, M2^^'^/Mi ~ 0.7 [5.45] which is sufficient to explain the empirical value of 
M^'^P/Mi ~ 1.6... 2.0 [5.46]. 

The thermal np capture has also been considered by Park et al. [5.47] including 
terms to order {Q/m)^. Apart from the dominant one pion exchange diagrams (fig. 5. 6), 
there are additional graphs corresponding to two-pion exchange as well as counterterm 
contributions saturated by A and u meson exchange. While in impulse approximation 
one finds a{np — > ^7) = 305.6 mb, the exchange currents calculated in CHPT together 
with a short-range correlation cut-off < Tc < 0.7 fm lead to a{np d'j) = 334±3 mb, 
in nice agreement with the experimental value, crexp{np d'j) = 334.2 ± 0.5 mb [5.48]. 
Again, the soft pion contribution gives the dominant part of the two-body enhancement. 
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The calculations presented here seem to lend credit to the chiral filter hypothesis 
and demonstrate once more the importance of chiral symmetry in nuclear phenomena. 
Furthermore, in nuclei it appears natural to make use of the short-range correlations to 
suppress operators of the contact term type and alike. For more details on the calculation 
of exchange currents from chiral Lagrangians we refer the reader to refs. [5.45,5.47,5.49]. 
What remains mysterious is why the chiral filter hypothesis works up to so high energies 
- the answer to this lies certainly outside the realm of baryon CHPT. 
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VI. THREE FLAVORS, DENSE MATTER AND ALL THAT 

In this section, we will first be concerned with the extension to the case of three 
flavors and discuss the calculation of baryon masses and cr-terms. Then, we will turn to 
the topic of kaon-nucleon scattering and the behaviour of pions in dense matter. This 
latter topic (also extended to kaons) is a rather new and rapidly developing field, so 
we can only provide a state of the art summary. Finally, various omissions are briefiy 
touched upon. 

VI.l. FLAVOR SU{3), BARYON MASSES AND cr-TERMS 

Let us first provide the necessary definitions for the three fiavor meson-baryon 
system. It is most convenient to write the eight meson and baryon fields in terms of 
SU{3) matrices $ and B, respectively. 



V2" ' V6' 

K- 



B 



with 



7r+ 


K+ \ 










E+ 


p \ 




n 






= exp{z$/Fp} 





(6.1a) 



(6.16) 



(6.2) 



with Fp the pseudoscalar decay constant in the chiral limit. Of course, beyond leading 
order, one has to account for the fact that ^ Fk ^ F^ [6.1]. The covariant derivative 
acting on B reads 



D^B^d^B+[T^,B] 



(6.3) 



with Vfj, and external vector and axial-vector sources. Under SU(3)l x SU{3)r, B 



and -D^-B transform as 

B' = KBK^ , (Df^B)' = K{D^B)K^ (6.4) 
It is now straightforward to construct the lowest-order 0{p) meson-baryon Lagrangian, 

C^^^ = Tr [iBYD^B - m^BB + ]^DB-i^-i^{u^, B] + ]^FB^^^^[u^, B]] (6.5) 
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where mo stands for the (average) octet mass in the chiral hmit. The trace in (6.5) 
runs over the flavor indices. Notice that in contrast to the SU{2) case, one has two 
possibihties of couphng the axial it^ to baryon bihnears. These are the conventional 
F and D couplings subject to the constraint F + D = qa = 1-26. At order 0{p^) 
the baryon mass degeneracy is lifted by the terms discussed below. However, there are 
many other terms at this order. If one works in the one-loop approximation, one also 
needs the terms of order 0{p^) (or eventually from 0{p'^)). The complete local effective 

(2) (3) 

Lagrangians and JC\^^ are given by Krause [6.2]. The extension of this to the 

heavy mass formalism is straightforward, as spelled out in detail in the review article by 
Jenkins and Manohar [6.3]. For our purpose, we only give the lowest order Lagrangian 
and the three terms of order which account for quark mass insertions (in the isospin 
limit niu — nid), 

TriBivVB) + D Tr{BS^{u^,B}) + F TY{BS''[Uf„B]) (6.6) 

with the baryons considered as static sources and cquivalcntly their momenta decompose 
= TriQV^ + ^^i, V - l <^ mo. Beyond leading order and in the present context we 
consider only counter terms of chiral power which account for quark mass insertions, 

= Tr (5{x+, B}) + 6^. TV (S[x+, B]) + 6o TV {BB) TV (x+) (6.7) 

with = ti^X"*^^ + ux^u and x = ^Bq^M. + S) where S denotes the nonet of external 
scalar sources. As we will see later on, the constants bo, bp and bo can be fixed from 
the knowledge of the baryon masses and the ttN cr-term (or one of the KN cr-terms). 
The constant bo can not be determined from the baryon mass spectrum alone since it 
contributes to all octet members in the same way. 

We now consider the calculation of baryon masses in CHPT. Gasser [6.4] and Gasser 
and Leutwyler [6.5] were the first to systematically investigate the baryon masses at 
next-to-leading order. The quark mass expansion of the baryon masses takes the form 

TUB = mo + aM + /3M^/^ + ^M^ + ... . (6.8) 

The non-analytic piece proportional to Ai^^'^ was first observed by Langacker and Pagels 
[6.6]. If one retains only the terms linear in the quark masses, one obtains the Gell- 
Mann-Okubo relation mE+3mA — 2(mAf +mE:) (which is fulfilled within 0.6% in nature) 
for the octet and the equal spacing rule for the decuplet, m^ — m=* = m=;* — m^;* = 
ms* — mA (experimentally, one has 142:145:153 MeV). However, to extract quark mass 
ratios ^from the expansion (6.8), one has to work harder. This was done in refs. [6.4,6.5]. 
The non-analytic terms were modelled by considering the baryons as static sources 
surrounded by a cloud of mesons and photons - truely the first calculation in the spirit 
of the heavy mass formalism. The most important result of this analysis was the fact that 
the ratio R—{m — ms)/{mu — rud) comes out consistent with the value obtained from 
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the meson spectrum. Jenkins [6.7] has recently repeated this calculation using the heavy 
fermion EFT of refs. [6.3,6.8], including also the spin-3/2 decuplet fields in the EFT. She 
concludes that the success of the octet and decuplet mass relations is consistent with 
baryon CHPT as long as one includes the decuplet. Its contributions tend to cancel the 
large corrections from the kaon loops like uisMj^lnM'^. The calculation was done in 
the isospin limit = = so that nothing could be said about the quark mass ratio 
R. This latter question was recently addressed by Lebed and Luty [6.9] who arrive at 
a negative conclusion concerning the possibility of extracting current quark mass ratios 
^from the baryon spectrum. We follow here ref.[6.10] in which the whole scalar sector, 
i.e the baryon masses and cr-terms, are considered and which sheds some doubt on the 
results obtained so far when the decuplet is included in the EFT. Following [6.10], a 
complete calculation up to order involves only intermediate octet states. At this 
order (one-loop approximation) one has three countcrterms with a priori unknown but 
finite coefficients. These can be fixed from the octet masses (rriAr, mA, m^;, and 
the value a"7rAr(0) since one of the counter terms appears in the baryon mass formulae 
in such a way that it always can be lumped together with the average octet mass in 

the chiral limit. This allows to predict the two KN a-terms, c"x]v(^) '^KAr(^) ^ 
well as the cr-term shifts to the respective Cheng-Dashen points and the matrix element 
rus < p\ss\p >. To this order in the chiral expansion, any baryon mass takes the form 

TUB = mo- [alM^ + a^M^ + a^M^] + 7^6^ + ^^hp - 2bo{M^ + 2MI) (6.9) 

The second term on the right hand side comprises the Goldstone boson loop contribu- 
tions and the third term stems from the counter terms eq.(6.7). Notice that the loop con- 
tribution is ultraviolet finite and non-analytic in the quark masses since M^^^ ~ 
The constants bo, bp and bo are therefore finite. The numerical factors read 

= ^{D + F)\ a% = ]^{bD^ - 6DF + 9F^), 

a\ = 3D^, = D^ + 9F^ al = D^; 

aZ^^{D-Ff, ai = h5D'^ + 6DF + 9F^), 
7^ = -4Mi, 7^ = 4Mi-4M2; 7^ = -4M2, 7^ = 0; 
7f = -^M|: + ^M,^ 7f = 0; = -^mI, 7I = -4M|, + 4M^. 

At this order, the deviation from the Gell-Mann-Okubo formula is given by 

- [3mA + ms — 2mAr — 2777.=;] 



al = \{D-'iFf; 



al = ]{D + 3Ff; 



(6.9a) 



— ^ - AMI + SM^l 

{Ml - 4Mi + i=(4M| - Mlfl-\ 
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where in the second hne we have used the GMO relation for the ?7-meson mass, which 
is legitimate if one works at next-to- leading order. 

Further information on the scalar sector is given by the scalar form factors or a- 
terms which measure the strength of the various matrix-elements ruq qq in the proton. 
One defines:* 



c"7i-7v(i) = rh < p\uu + dd\p > 



^k]v(^) = ■^(^ + ™s) < p'\uu + ss\p > 



1 



(6.11) 



'^k]v(^) = -(to + TOs) <p'\ — tilt + Idd + ss\p > 



1 



with t = {p' —pY the invariant momentum transfer squared and rh = (rriu + Tnd)/2, the 
average light quark mass. At zero momentum transfer, the strange quark contribution 
to the nucleon mass is given by 



nis < p\ss\p >— [ - 



Ml 



3^&(0)+a),^;,(0) 



(2) 



Ml 

Ml 



(7,iv(0) (6.12) 



making use of the leading order meson mass formulae = 2mi?o and = [rh + 
mg)BQ which are sufficiently accurate to the order we are working. The chiral expansion 
at next-to-leading order for the cr-terms reads 



Ml 



647rF2 



-Aa^M^ - 2a%MK - ^«^M^ 



2Ml{bD + bp + 2bo) (6.13a) 



r(^) (0) 



-2alM^ - 2,i%^MK - y 



10 



..U)^^, Mi + M^M, + M^ 
for j = 1, 2 with the coefficients 



+ 4M^(^K^ bD + ep'bF-bo) 



0) 



^^K^ = Id^-2DF + 5F^, ^^^^ = 3{D-Ff, = 1, ^i^^ = -3, 



a 



TTT] 

N 



-{D + F){3F - D). 



(6.136) 



(6.13c) 



This completely determines the scalar sector at next-to-leading order. Note that the ttN 
cr-term is given as a"7rAr(0) = rh {dniN /dm) according to the Feynman-Hellman theorem. 



* These quantities are renormalization-group invariant in a mass-independent subtrac- 
tion scheme, which is what one usually employs. 
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The shifts of the cr-terms from t = to the respective Cheng-Dashen points do not 
involve any contact terms, 



M"2 r A 



2 K 



M2 - Mi ^/2MK + 



, V2M^ 

Ml -Ml 

— In 



\/2Mk - M^ 
V2M^ - 



+ M 



K 



V2M^ V2M^ - M^ 



+ Mrj 



(6.14a) 



KN 



ml) 



(0) 



Ml 



1287rFp2 



4 . 



Ml 



Ml 



Mk + y2M^ . 

in ^ h ZTT 



+ 



20 



-a 



N 



Ml 



V2M 



M2 

In 



v/2M^ - Mk 



2 Mi - M 2 - M 2 ^MK + M^ + Mr, ^^M-^ + M^ 



2i 



V2Mk M^ + Mr^-V2MK M^ + Mrj_ 

(6.146) 

Notice that the shifts of the two KN cr-terms acquire an imaginary part since the pion 
loop has a branch cut starting at i = 4M2 which is below the kaon Cheng-Dashen 
point t — 2MI*. In the limit of large kaon and eta mass the result eq.(6.14a) agrees, 
evidently, with the ancient calculation of Pagels and Pardee [6.11] once one accounts 
for the numerical error of a factor 2 in that paper. Clearly, the cr-term shifts are non- 
analytic in the quark masses since they scale with the third power of the pseudoscalar 
meson masses. Our strategy will be the following: We use the empirically known baryon 
masses and the recently determined value of cr7rjv(0) [6.12] to fix the unknown parameters 
mo, bo T bp and bo. This allows us to predict the two KN u-terms (7j^]v(0). The shifts 
of the cr-terms are independent of this fit. 

Since we use aT^NiO) as input in what follows, let us briefly review the status of 
this much debated quantity. The quantity a"7rAr(0) can be calculated from the baryon 
spectrum. To leading order in the quark masses, one finds 



(7^jv(0) 

y 



rh m^ + m-£ — 2mN 
nis — rh 1 ~ y 

2 < p\ss\p > 
< p\uu + dd\p > 



(6.15) 



* Since we choose the CMC value for the i] mass, M^r -|- > \/2Mk-i the ttt] loop does 
not contribute to the imaginary part in eq.(6.14b). For the physical value of the rj mass 
this contribution is tiny compared to the pion loop. 
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where y is a measure of the strange quark content of the proton. Setting y = as 
suggested by the OZI rule, one finds (J.j^n{0) — 26 MeV. However, from the baryon mass 
analysis it is obvious that one has to include the contributions and estimate 

the 0{A4^) ones. This was done by Gasser [6.4] leading to 

35 ±5 MeV ao 
aM^) = = (6-16) 

However, in ttN scattering one does not measure cr7riv(0), but a quantity called Syr at 
defined via 

E^iv = F^D+{u = 0,t = 2Ml) (6.17) 

with the bar on D denoting that the pseudovector Born terms have been subtracted, 
D = D — -Dpv The amplitudes are related to the more conventional nN scattering 
amplitudes and via — + 1^3^, with u — {s — u)/A.m. The superscript '±' 
denotes the isospin (even or odd). D is useful since it is related to the total cross section 
via the optical theorem. The kinematical choice v = Q^t = 2M^ (which lies in the 
unphysical region) is called the Cheng-Dashen point [6.13]. The relation between SttTv 
and the tcN scattering data at low energies is rather complex, see e.g. Hohler [6.14] for 
a discussion or Gasser [6.15] for an instructive pictorial (given also in ref.[6.16]). Based 
on dispersion theory, Koch [6.17] found S^jv = 64 ± 8 MeV (notice that the error only 
reflects the uncertainty of the method, not the one of the underlying data) . Gasser et al. 
[6.12] have recently repeated this analysis and found T^-kN = 60 MeV (for a discussion 
of the errors, see that paper). There is still some debate about this value, but in what 
follows we will use the central result of ref.[6.12]. Finally, we have to relate (JnN{0) and 
Sttjv- The relation of these two quantities is based on the LET of Brown et al. [6.18] 
and takes the following form at the Cheng-Dashen point: 



Aa^N = (7^n(2MI) - (J^7v(0) 



(6-18) 



AcTttjv is the shift due to the scalar form factor of the nucleon, and Ai? is related to a 
remainder not fixed by chiral symmetry. The latter was found to be very small by GSS 
[6.19], Ai? = 0.4 MeV. In this case, one is dealing with strong 5'-wave tttt and txN inter- 
actions. Therefore, the suspicion arises that the one-loop approximation is not sufficient 
to give an accurate description of the scalar form factor (compare e.g. ref.[6.20]). There- 
fore, Gasser et al. [6.12] have performed a dispersion-theoretical analysis tied together 
with CHPT constraints for the scalar form factor a-j^Nit)- The resulting numerical value 
is 

Aa^N = (15 ± 0.5) MeV (6.19) 

which is a stunningly large correction to the one-loop result (see below). If one 
parametrizes the scalar form factor as a-j^N (t) = 1+ < r| > t + 0{f), this leads to 
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< r| >= 1.6 fm^, substantially larger than the typical electromagnetic size. This means 
that the scalar operator m{uu-\-dd) sees a more extended pion cloud. Notice that for the 
pion, a similar enhancement of the scalar radius was already observed, {r'g/rl^.,^ ~ 1.4 
[6.20]. Putting pieces together, one ends up with cr7rjv(0) = 45 ± 8 MeV [6.12] to be 
compared with (To/(1 — y) = (35 ± 5) MeV/ (1 — y). This means that the strange quarks 
contribute approximately 10 MeV to the nN cr-term and thus the mass shift induced 
by the strange quarks is < >^ (ms/2m) • 10 MeV ~ 130 MeV. This is consis- 

tent with the estimate made in ref.[6.21] based on the heavy mass formalism including 
the decuplet fields. The effect of the strange quarks is not dramatic. All speculations 
starting from the first order formula (6.15) should thus be laid at rest. The lesson to be 
learned here is that many small effects can add up constructively to explain a seemingly 
large discrepancy like S^jv — ctq ~ (Tq. What is clearly needed are more accurate and 
reliable low-energy pion-nucleon scattering data to further pin down the uncertainties. 

We now return to the order calculation in CHPT. We use an average value 
Fp = [F^ + Fk)/2 ~ 100 MeV, together with F = 0.5 and D = 0.75, which leads to 
qa = 1.25. The uncertainties in these parameters and how they affect the results are 
discussed in [6.10]. The four unknowns, which are the three low-energy constants 6_d, hp 
and ho and the average octet mass (in the chiral limit) mo are obtained from a least 
square fit to the physical baryon masses {N, E, A, S) and the value of cr7rjv(0) ~ 45 MeV. 

This allows to predict (T^]y(0) and cr^]y^(0) and the much discussed matrix element 
rUs < p\ss\p >, i.e. the contribution of the strange quarks to the nucleon mass. Typical 
results are [6.10]: (a) The strangeness matrix element in most cases is negative and of 
reasonable magnitude of about 200 MeV, (b) within the accuracy of the calculation, the 
KN cr-terms turn out to be 



which is comparable to the first order perturbation theory analysis having no strange 



quarks, (t^^^j^{Q) = 205 MeV and ct5J]v(0) = 63 MeV [6.22]. These results are indeed 
most sensitive to the value of cr7riv(0). The cr-term shifts are given by [6.11,6.23] 



which is half of the empirical value discussed above, eq.(6.19). Furthermore, one finds 



The real part of the first cr-term can be estimated simply via Re(cr]^jy (2M^)— cr^jY(O)) ~ 
[(7^7v(2M2) - a^Ar(0)](MK/M^)^ = 7.4 ■ 46.2 MeV = 340 MeV. The rather small real 

(2) 

part in Aa)^'^ stems from the large negative contribution of the Trry-loop which leads 



(T^jy (0) ~ 200 ± 50 MeV , (jgj^ (0) ~ 140 ± 40 MeV 



(6.20) 



(7,iv(2M2)- (7,^(0) = 7.4 MeV 



(6.21) 




(6.22) 
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to strong cancellations. Notice the large imaginary parts in a^^j^{2M'j^) — o"^]y(0) due 
to the two-pion cut. The situation concerning the empirical determinations of the 
kaon-nucleon cr-terms is rather uncertain, see e.g. refs. [6.24,6.25]. Since most of the 
phase shift data stem from kaon-nucleus scattering, it is advantegeous to define the KN 
cr-terms by means of the nuclear isospin, 

' Iq (2) , (1) \ " ^ ( (2) (1) \ (a OQ^ 

<^KN = 1 (3cXKiv + <^Kn) ' ^KTV = ^ [<^KN " <^Kn) ■ (6-23) 

The best available determinations give cr^jv(O) = 599 ±377 MeV and cr^jv(O) = 87±66 
MeV which translates into (7jJ)^(0) = 469 ± 390 MeV and cTjJjy(O) = 643 ± 378 MeV. 

As has been argued e.g. in refs. [6.3,6.7,6.8], one should account for the spin-3/2 
decuplet in the EFT since it leads to a natural cancellation of the large kaon cloud 
contributions of the type mgM^ In M^. However, as shown in section 3.4, the inclu- 
sion of these fields spoils the power counting much like the nucleon mass term in the 
relativistic formulation of baryon CHPT. For the case at hand, one also has an infinite 
renormalization of the three constants bo, bp and bo [6.10], 

bD = b^nW-^L, bF = bUX) + j^L, bo = bl,{X) + -^L. (6.24) 

with A the scale of renormalization, A = 231 MeV the average octet-decuplet mass 
splitting, C the Goldstone-octet-decuplet coupling as discussed after (3.71) and L is 
defined in (2.47). The graphs with intermediate decuplet-states start to contribute at 
order (explicit formulae can e.g. be found in ref. [6.10]). If one now assumes that 
these contributions dominate at this order, one does not find a consistent description 
of the scalar sector, as long as one keeps F and D close to their physical values. In 
that case, the KN cr-terms turn out to be very small and the strange matrix-element 
nis < p\ss\p > very large. In ref.[6.7], some additional tadpole diagrams with one 

(2) 

insertion from C^i^ were considered, but that does not alter these conclusions. As 
stressed before, a complete and systematic q"^ calculation has to be performed before 
one can draw a definite conclusion on the role of the intermediate decuplet states. For 
another critical discussion, see e.g. ref. [6.26]. However, there is one curious result in the 
two-fiavor sector we would like to mention [6.10,6.27]. If one considers the shift of the 
ttN cr-term calculated with intermediate nucleon and A(1232) states and uses the large 
Nc coupling constant relation, one finds 

aM2M'.) - ^MO) = + (- - 4) A - 4,/^^^ ln( A + A _ i) 

^8A2 dy ^ 

+ ——— i — , arctan 



^2y2 + M2 - 2A2 ^2y^ + - 2A^ 

= 14 MeV 



(6.25) 
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very close to the empirical value (6.19) (with A = niA — m = 293 MeV). This means 
that the graph with the intermediate A(1232) contributes almost as much as the lowest 
order diagram with a nucleon as intermediate state. However, the spectral distribution 
Im cr^jv(^)/^^ is much less pronounced around t = 4M^ as in the analysis of ref.[6.12] 
but has a longer tail leading to the same result for the integral. The A-contribution 
mocks up the higher loop corrections of the dispersive analysis [6.12]. This is similar to 
the discussion of the spectral function related to the intermediate range attraction in 
the nucleon-nucleon interaction (cf. section 5.2). It remains to be seen how the result 
(6.25) will be affected when all (and possibly higher order) terms will be accounted 
for. The essential difference to the baryon mass calculation and the shifts of the KN 
cr-terms is that the kaon and eta contributions to (6.25) are essentially negligible (they 
contribute approximately one extra MeV to (6.25)), i.e. we are dealing with an SU(2) 
statement so that one does not expect higher loop diagrams to contribute significantly. 

VI.2. KAON-NUCLEON SCATTERING 

A topic of current interest is the dynamics of the kaon-nucleon system based on 
SU(3) extensions of chiral effective Lagrangians. Such investigation were in particular 
triggered by Kaplan and Nelson [6.28] who proposed a mechanism for kaon condensation 
in dense nuclear matter using a (however incomplete) chiral Lagrangian. Besides this, 
kaon-nucleon scattering at low energies is of its own interest as a testing ground for three- 
flavor chiral dynamics. In comparison to the SU(2) sector of pion-nucleon interaction 
(discussed to some extend in sect. III. 5) the kaon-nucleon dynamics involves several 
complications. First, the pertinent expansion parameter for the chiral expansion is 
much larger, namely 

^ ~ 0.53 (6.26) 
m 

in comparison to = M^/m ~ 0.14 for the ttN system. Therefore one expects the 
next-to-leading order corrections to be numerically less suppressed in comparison to 
the leading terms. The KN system with strangeness S = +1 is physically still quite 
simple at low energies since it is a purely elastic scattering process with a dominant 
S-wave contribution. The analogous KN system with strangeness S = —1 however 
greatly differs, mainly because there are a number of baryons and baryon resonances with 
S = —1 but none with S = +1. For the K~p reaction there exist inelastic channels down 
to threshold involving a pion and a hyperon, K~p — > tt^A, tt^E^, tv^T,^. Furthermore, 
there is a subthreshold resonance in the K~p system, the A(1405) of isospin zero. It may 
be considered as a kind of a K~p bound state which can decay into the kinematically 
open ttE channel and thus receives its physical width. The dynamical differences in 
KN versus KN naturally show up in the values of the corresponding S'-wave scattering 
lengths [6.29]. The experimental numbers stem from data on kaon-nucleon scattering 
and ^"-atomic level shifts and we give them here without error bars, 

(6.27) 

P = (-0.67 + i 0.63) fm, " = (+0.37 + i 0.57) fm . 



130 



The experimental values for K^N are comparable in magnitude to tiN scattering 
lengths, a'^ ^ = 03/2 = tt"*" — — — 0.14fm. The negative signs of the ^ sig- 
nal that the i^T "'"-nucleon interaction is repulsive. Characteristic for the K~ N scattering 
lengths is their very large imaginary part, which originates from the open inelastic 
7rS,7rA channels and the subthreshold A(1405)-resonance. 

Such inelastic channels are not a problem for CHPT of kaon-nucleon interaction, 
since they reflect themselves simply as unitarity cuts in the amplitudes which extend 
below the physical threshold. They are mainly of kinematical origin. On the other 
hand, the existence of a strong subthreshold resonance (like A(1405) in K~p) poses a 
problem to the expansion scheme of chiral perturbation theory, since bound states and 
(subthreshold) resonances can not be obtained at any finite order of perturbation the- 
ory. They require infinitely many orders and are out of the scope of pertubation theory. 
Consequently, the A(1405) will have to be added by hand (compare the discussion con- 
cerning the decuplet states in the EFT in section 3.4). In ref.[6.30] a model has been 
proposed to generate the A(1405) dynamically. For that one solves a Schrodinger equa- 
tion for the coupled KN, ttE and ttA channels with local or separable meson-baryon 
potentials linked to an SU{^) chiral Lagrangian. The latter means that the relative 
strengths of the transition potentials are fixed by the Clebsch-Gordan coefficients of 
a chiral meson-baryon vertex. A few finite range parameters for the potentials and a 
coupling stength are then adjusted to the mass and width of the A(1405) and several 
measured branching ratios. It turns out that such a few parameter fit is quite sucessful 
in describing the low-energy K~ N data. We will not pursue this approach further here, 
but outline some aspects of KN and KN scattering in CHPT. 

The leading order Lagrangian is a straightforward generalization of the chiral iiN- 
Lagrangian of sect. Ill to SU(3) as described in section 6.1. To lowest order, all octet 
baryon masses equal. The baryon mass splittings are due to higher orders in the quark 
mass expansion. The corresponding C^^b '^^ given in (6.6) for the heavy fermion ap- 
proach. From that, one finds for the S-wave scattering lengths: 

a^"^ = -(1 + ^)-'#^ = 2a^"" :^ -0.6fm (6.28) 

This current algebra result has the correct negative sign and the order of magnitude is 
reasonable. It is about a factor 2, respectively 1.5, too large for K^p and K^n if we use 
Fp = = 93 MeV. However, there is quite some theoretical uncertainty in this leading 
order result. According to the chiral power counting the prefactor 1/(1-1- M^/m) could 
be neglected and F^ could be taken to be Fk = 1-22 F^^. Such ambiguities point towards 
the importance of higher order calculations, at least up to order q^. The corresponding 
K~N scattering lengths have the opposite sign of the K'^N ones to leading order, i.e. 
the chiral K~N interaction is attractive. This feature was considered as quite important 
for understanding the dynamics of the A(1405)-resonance formation in ref.[6.30]. 
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At next-to-leading order, 0{q'^), the SU(3) chiral Lagrangian contains a host of new 
terms. We display here only those which contribute to the S-waves [6.10,6.31] 



^MB Tr B}) + bf Tr (S[x+, B])+bo Tr (BE) Tr 

+ di Tr {Bu^u^B) + ^2 Tr {Bv ■ uv ■ uB) + (is Tr (BBu^u^) + Tr {BBv ■ uv ■ u) 
+ (i5 Tr {BB) Tr {u^u^) + Tr (SS) Tr {v uv ■ u) + dr Tr (Su^) ■ Tr (u^S) 
+ 4 Tr (Si; • u) Tr (t; ■ uB) + dg Tr {Bu^Bui^) + dio Tr (Sv • uBv •«) + ... 

(6.29) 

where the first three terms obviously coincide with the ones given in eq.(6.7). In ref.[6.32] 
the last two terms have been forgotten. The complete list of terms at order and 
for fiavor-SU(3) can be found in ref.[6.2] (for the relativistic approach). There are 13 
new parameters for chiral SU(3) in comparison to 3 (ci, C2, C3) in flavor SU(2) and some 
of the di contain 1/m corrections from the expansion of the relativistic leading order 
Lagrangian formulated in terms of Dirac-fields. The coefficients of the first three terms 
in eq.(6.29) (often named " sigma-terms" ) can be fixed at this order from the mass 
splittings in the baryon octet and the empirical value of the txN cr-term. 
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M^) = 79 MeV, bd = 0.066 GeV"' 

ms - mjv = 9,bf{M% - M^) = 383 MeV, bf = -0.213 GeV"^ 
a^N{0) = -2Ml{bd + bf + 2bo) = 45 MeV, bo = -0.517GeV"^ 



(6.30) 



Of course such a fit is somewhat problematic, since one neglects all higher order in the 
quark masses, compare the discussion after eq.(6.15). Consequently, the strangeness 
content of the proton 

2{bo + bd-bf^ 



y 



2bo + bd + bf 



0.4 



(6.31) 



is about twice the value obtained by Gasser, Leutwyler and Sainio [6.12]. If one enforces, 
however, y ~ 0, which is possible due to the uncertainties going into the theoretical 
analysis of y, one finds bo = —0.279 GeV~-^. This corresponds to cr7rAr(0) = 26 MeV, 
the usual estimate at linear order in the quark masses. The K'^N and K~N scattering 
lengths are now given as [6.31]: 



a 



Mk 



47rF2 



a 



^ m ' 



K 



^1 + Mk{Ps + B)^) 



(6.32) 



with Dg and Dy some linear combination of the bdj.o and di^,,,^io- Of course, as long as 
one has not found a reliable way to estimate all new coefficients, the expressions given 
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above have not much predictive power. A similar situation occurs for the isospin even 
ttN scattering length a~^. At this order, the K~ N scattering lengths are still real, since 
the scattering into the inelastic channels is a loop effect which first shows up at order 

In ref.[6.32] an order calculation for the K^N scattering lengths has been pre- 
sented. In this work, however, the loop contribution has not been separated cleanly from 
the counterterms at the same order. The knowledge of the magnitude of the full loop 
correction (say at a scale A ~ 1 GeV) would however be very important in order to get 
a feeling for the genuine size of the (non-analytic) corrections in SU(3). We remind here 
that for the isospin odd ttN scattering length a~ the loop correction at order just has 
the right sign and magnitude to fill the gap between the Weinberg- Tomozawa prediction 
and the empirical value. The K~ N scattering lengths given in ref.[6.32] are still real at 
order q^. However, at this order the rescattering processes K~N — > 7rS,7rA — > K~ N 
into the inelastic channels are possible and they manifest themselves as complex valued 
scattering lengths, cf. fig.6.1. 
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Fig. 6.1: Rescattering diagram which leads to the imaginary part of the scat- 
tering lengths at order q^ for K~ N — > K~ N . 

In the heavy mass limit one calculates the following nonzero imaginary parts from 
the rescattering diagrams 

In,,--. = (1 + M^y^MWWEK = 1 j^a--- c 0.63 fm (6.33) 

which are surprisingly close to the empirical values. However, one should not put to 
much emphasis on these numbers since all mass splittings in the baryon octet have 
been neglected and this affects the available phase space. It is interesting to observe 
that such a simple rescattering calculation tends to explain the near equality of the 
imaginary parts for proton and neutron AT" -scattering and at least gives the correct 
order of magnitude without an explicit A(1405). 

Clearly, all what has been discussed here points towards the importance of more 
systematic calculations using the complete chiral Lagrangian at a given order. Many 
of the present controversies in the literature (in particular concering the in-medium 
behavior of pions and kaons) stem from the use of incomplete Lagrangians. It is also 
clear that baryon CHPT for fiavor SU(3) is just at its beginning and a lot more work 
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(complete higher order calculations) is necessary in order to judge the quality of such 
an approach. 

VI.3. THE PION IN MATTER 

In this chapter we will describe how effective chiral Lagrangians can be used to get 
information on the modification of pionic properties in nuclear matter (so-called medium 
modifications). The medium modifications of hadron properties are relevant for a broad 
class of problems in nuclear physics. Among these are pion and kaon condensation 
(in neutron stars), chiral symmetry restoration in relativistic heavy ion collisions, the 
"dropping" of hadron masses in medium, to name a few. In the following we will only 
touch upon part of these many issues, namely the density dependence of the quark 
condensate < uu > and the density dependence of the pion decay constant F^r and 
of the pion mass M-^. We will make use of chiral eff'ective Lagrangian techniques and 
show that such a method indeed leads to the correct linear terms in density. The latter 
are often called "low-density theorems" and can be derived from a multiple scattering 
expansion. We follow here closely the ideas spelled out in ref.[6.33]. 

If one remembers the additional complications one encounters in each step in ex- 
tending chiral perturbation theory from the pure meson sector (section 2) to single 
baryon processes (sections 3 and 4) and further to the B = 2 (here, B denotes the 
baryon number) sector of nucleon-nucleon interaction and exchange currents (section 5) 
it is not surprising that a rigorous formulation of a systematic chiral expansion in nu- 
clear matter {i.e. at finite baryon density) has not yet been found. Finite baryon density 
introduces a new scale parameter, the Fermi momentum of the nucleons kp ^ p^^^ and 
it is not clear how to deal with it in the chiral power counting scheme. Furthermore, 
Lorentz invariance is broken at finite density and the effects of nuclear correlations have 
to be considered. A rigorous (and still predictive) expansion scheme which can account 
for all of these many-body complexities as well as the chiral structure of QCD has not 
yet been formulated and may even be too demanding. A recent approach due to Shankar 
[6.34] appears promising but needs further detailed study. For a general approach to 
non-relativistic effective theories, see Leutwyler [6.35]. 

In a first step, following ref.[6.33] one can simply use the free space chiral Lagrangian 
for the B = and B = 1 sectors developped so far and evaluate the pertinent nucleon 
operators at the mean field level. Consequently, one works to linear order in the nuclear 
matter density, 

p ~ HH ~ H^H . (6.34) 

Formally, such a mean field approximation means that any local term in the effective nN 
Lagrangian of the form H{x)0{x)H{x) is replaced by | Tr [0{x)]- p. The averaging trace 
here goes over both spin and isospin coordinates since we consider only a homogeneous, 
isospin symmetric and (spin-)unpolarized nuclear matter distribution of density p. Of 
course, such a mean field approximation may have no rigorous foundation, but intuitively 
it should be reasonable at least for low densities. Furthermore, since its starting point 
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is the most general effective chiral Lagrangian to a given order the information gained 
this way is more general than model calculations of the in-medium properties. 

Let us now apply the simple mean field approximation to the effective chiral La- 
grangian >ci^i + C^^lf + C^^lf- The averaging procedure going along with the mean field 
approximation used to decribe spin and isospin symmetric nuclear matter makes the 
piece C^^Ij vanishing identically since iv ■ d = Dq gives zero and the free term —m p is 
absent in the heavy mass formulation. The other terms in C^^J^ vanish since the isospin 

(2) 

traces TrF^, Trw^ are zero by construction. So we have to consider only C\.js[ and here 
not all terms vanish in the mean field approximation. These are the ones proportional 
to ci,C2 — g\/Sm,C3 which are of scalar-isoscalar nature. One obtains the following 
"finite density chiral Lagrangian" (in the isospin limit m„ = m^) 

^^P^={^ + 'P) '^ivn+{J-^)p^^{v■uv■u)+(^^ + c^p^^r{x+) (6.35) 

The terms coming from [{v • D)^ — D • D\/2m have been neglected. They either represent 
nucleon kinetic energies or as the terms Tr (F^F'^), Tr (f ■ F t; ■ F) start out at order tt^ 
in the expansion in powers of the pion mass, which are not of interest here. The form of 
eq.(6.35) is very illustrative when compared with the free space Lagrangian C)^-l. The 
two parameters F ~ F^r and Bq = — < uu > /F^ have become density dependent 
through the mean field approximation of the nucleons. One can immediately read off 
the corresponding medium modifications. From the last term in eq.(6.35) we get the 
density dependence of quark condensate (in the absence of pions x+ is proportional to 
quark mass times quark condensate), 

<uu> {p) 4ci a^jv(O) , 

<nu>(0) = '+Fi"='-JfMi'' 

where we used the leading order relation to the ttN sigma term a-j^NiO) = —4:CiM^ 
(see eq.(3.54)). The result eq.(6.36) for the linear term of the density dependence of 
the quark condensate has been derived by several authors using quite different methods 
[6.36,6.37] and is often called "low -density theorem" . It was also found in calculations 
using the Nambu-Jona-Lasinio model, see e.g. ref.[6.38]. It it quite interesting that the 
simple mean field approximation to the effective chiral ttN Lagrangian very naturally 
leads to this general result. This gives some confidence in the approximations one is 
using. Putting in the empirical value of cr7riv(0) = 45 McV one finds a 30 % reduction 
of the quark condensate at normal nuclear matter density, giving strong hints that the 
chiral restoration will take place at about several times nuclear matter density. This is 
an important issue for relativistic heavy ion collisions, where one hopes to reach such 
high densities. Of course, in order to make a more quantitative statement about the 
actual chiral restoration density one has to know corrections to eq.(6.36) at higher order 
in the density p. There is a certain similarity to the calculation of the temperature 
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dependence of the quark condensate in CHPT, it allows for an accurate calculations at 
low T but can not be used to calculate the critical temperature since then the higher 
order corrections have to completely cancel the leading term, i.e. one has no longer a 
controlled expansion [6.39]. 

The first and second term in eq.(6.35) take the form of a density dependent pion ki- 
netic term. As finite density breaks Lorentz invariance the time and spatial components 
of the pionic gradients are treated now differently. One sees that at finite density the 
pion decay constant splits up into a "time component" Ft{p) and a "spatial component" 
Fs{p) which behave differently. They are given as 

Ff(p)=F|+(2c. + 2c3-|^)p (g3^j 

The phenomenon that the breakdown of Lorentz invariance leads to different time and 
space components of the pion decay constant has also been discussed in some model 
calculations of pion properties [6.40]. Using the most general effective chiral Lagrangian 
at order and the simple mean field approximation to describe density such a behaviour, 
i.e. Ft Fg, follows very naturally from the underlying chiral structure. Therefore one 
should take care of this possibility in model calculations of the in-medium effects of the 
pion. 

Of particular interest is the density dependence of the pion mass because of the 
pions Goldstone boson nature. The inverse pion propagator is 

F>~^{uj, q; p) =uj^ -q'^ - U{uj, q; p) , (6.38) 

with n the self-energy correction due to the interaction with the medium. Performing 
an expansion of eq.(6.35) to quadratic order in the pion field one finds 

D-\u, q; p) = (1 + ^p) (o;^ - f) + ^ (2e, - ^) - (l + ^p)M,^ . (6.39) 

Evaluating the poles of this propagator one finds for the effective pion mass M*^(p) = 
a;2(g = 0;p) 

M:\p) = M^(1 + ^p) [1 + ^(2c, + 2C3 - ^)] 

= M.^[l-^(2c2 + 2c3-4c,-^)] (6.40) 
= Ml-T+{M^).p = Ml-A7^{l + ^)a+-p 

7T1/ 
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with a"*" the isospin even nN scattering length calculated to lowest order (cf. eq.(3.66) 
without the loop contribution ~ M^). In ref.[6.41] it was emphasized that the linear 
term in the density dependence of the pion mass is proportional to the isoscalar ttN 
scattering length a'^. This fact is a rigorous result from the leading order of a multiple 
scattering expansion. The correct coefficient proportional to a"*" is indeed reproduced 
here using the complete chiral nN Lagrangian at order and the mean field approxima- 
tion. The statement in ref.[6.41] that the chiral Lagrangian techniques can not give this 
result is therefore wrong. The argumentation of ref.[6.41] was based on an incomplete 
chiral Lagrangian which consists only of the term proportional to ci (the "sigma-term"). 
We would like to stress here again that the complete chiral Lagrangian up to a given 
order has to be used to automatically produce the correct results modulo corrections 
of higher order. Since the value of a+ ~ — O.OIM"^ is negative one finds that the 
pion mass slightly increases with density. Of course, this statement is based exclusively 
on the knowledge of the very small linear term in density and could be modified by 
higher orders, C(p^) and so on. In the absence of calculations including higher orders 
in the density one even has no control on the range of validity of the linear density 
approximation, i.e. to what fraction of nuclear matter density it is reliable. 

As a final issue let us address the validity of the GcU-Mann-Oakes-Rcnner (GMOR) 
relation at finite density. It is often assumed or found to hold in model calculations, see 
e.g. ref.[6.42]. At zero density, the GMOR relation is well founded in chiral perturbation 
theory and takes the form, F^M^ = —m < uu + dd > +0{m'^). An extension to finite 
densities is not immediately obvious since there is not just a single density dependent 
pion decay constant and, also, other quantities are density-dependent. The combination 
of eqs. (6.36,6.37,6.40) yields an in- medium version of the GMOR relation to linear order 
in the density p, but only if one replaces the free space pion decay constant F^^ by its 
density dependent time component Ft{p), 

F^{p) Mf(p) = -m<uu + dd> (p) (6.41) 

This relation only holds modulo corrections which are of higher order in the light quark 
masses and the density. It is important to note that for the spatial component Fg{p) 
the in-medium GMOR relation does not hold. In ref.[6.33] functional methods have 
been used to show that the in-medium properties of the pion up to linear order in the 
density do not depend on the actual choice of the interpolating pion field. This feature 
is of course quite important in order to make the concept of density dependent mass, 
decay constant and so on meaningful at all. The independence from the interpolating 
field becomes also clear if one goes back to eq.(6.35), the "density dependent chiral 
Lagrangian" . Any parametrization of the chiral matrix U (x) in terms of some pion field 
(exponential, u-model gauge, stereographic coordinates, . . .) gives the same result for 
the expansion truncated at the quadratic order and this is all one needs to read off the 
density dependent pion mass and decay constant. 
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The salient features from this study of the pion in nuclear matter can be summarized 
as follows. Using the effective chiral Lagrangian up to order and a simple mean field 
approximation to describe the nuclear density, one can easily reproduce the so-called 
"low- density theorems" for the density variation of the quark condensate and the pion 
mass which follow from a multiple scattering expansion. The pion decay constant F^^ 
splits up into a time component Ft{p) and a spatial component -Fs(p), which do not 
have the same density dependence, nevertheless both actually decrease with density. 
The corresponding linear coefficients 2c2 + 2c3 — g\/Am and 2c3 are negative. The 
results presented here could be obtained rather easily from lowest order tree level chiral 

(12). 

Lagrangian C\. ^ , but is seems rather nontrivial to go to higher orders. For example at 
order q'^ loop diagrams give rise to non-local terms of the form J d'^yH{x)0{x,y)H{y) 
and it is not clear how to handle them in mean field approximation. Furthermore, all 
four-nucleon terms showing up in the B = 2 sector should be considered, since they 
will give information on correction and eventually nuclear correlations. Presently a 
systematic scheme to account for all these complications is unknown and may only be 
feasible if one supplies phenomenological information as discussed in section 5. 

VI.4. MISCELLANEOUS OMISSIONS 

In this section, we want to give a list of topics not covered in detail. This list is 
neither meant to be complete or does the order imply any relevance. The references 
should allow the interested reader to further study these topics. 

• Isospin violation: Although the down quark is almost twice as heavy as the up 
quark, the corresponding isospin violations are perfectly masked in almost all ob- 
servables since (m^ — niu) / ^ 1. All purely pionic low-energy processes au- 
tomatically conserve isospin to order — besides from true electromagnetic 
effects. The reason is that G-parity forbids a term of the type uu — dd using only 
pion fields with no derivatives. Therefore, Weinberg [6.43] considered isospin vio- 
lating effects in the scattering lengths of neutral pions off nucleons. As pointed out 
by Weinberg [6.43] and later quantified by Bernard et al.[6.44], the absolute values 
of a(7r°n — > 7r°n) and of aiix^p — > ir^p) are hard to pin down accurately. However, 
in the difference many of the uncertainties cancel and one expects a sizeable isospin 
violating effect of the order of 30% [6.43]. In view of this, Bernstein [6.45] has 
proposed a second-generation experiment to accurately measure the phase of the 
reaction ^p — > n^p below n^n threshold and use the three-channel unitarity to 
deduce the tiny ix^p phase. More recent discussions of these topics are due to van 
Kolck [6.46] and Weinberg [6.47]. 

• Baryon octet and decuplet properties: The high energy hyperon beams at CERN 
and Fermilab allow to study aspects of the electromagnetic structure of these par- 
ticles. For example, one can make use of the Primakoff effect to measure the 
polarizabilities. In the quark model, one expects aj]+ 3> cts- since in a system 
with like-sign charges like the E~ (dds) dipole excitations are strongly suppressed 



138 



[6.48]. This was quantified in a CHPT calculation to order in ref.[6.49]. To that 
accuracy, one expects ax;+ — 1.5 a-^-- Further studies of hyperon radiative decays 
and an analysis of the octet magnetic moments can be found in refs. [6.50,6.51,6.52]. 
In the EFT with the spin-3/2 decuplet as active degrees of freedom , one can also 
address the properties of the decuplet states. Topics considered include the E2/M1 
mixing ratio in the decay A — >■ [6.53], the decay A N£~^i~ (where i denotes 
a lepton) [6.54] or the strong and electromagnetic decays of the decuplet states 
[6.55]. Furthermore, in the large Nc limit, one needs the spin-3/2 states to restore 
unitarity in ttN scattering (see [6.56] and references therein). This is often used 
as a strong support for the inclusion of the decuplet states in the EFT. However, 
we would like to stress that since the chiral and the large Nc limites do not com- 
mute, considerable care has to be taken when such arguments are employed, see 
e.g. refs.[6.57,6.58,6.59]). 

• Kaon and pion condensation: The work of Kaplan and Nelson [6.28] triggered 
a flurry of papers addressing the question whether Bose condensates of charged 
mesons may be found in dense nuclear matter formed e.g. in the cores of neutron 
stars, the collapse of stars or in the collision of heavy ions. The physical picture 
behind this is the attractive S-wave kaon-nucleon interaction which could lower the 
effective mass of kaons to the extent that the kaons condense at a few times the 
nuclear matter density. This question, its consequences for the nuclear equation 
of state, neutron stars and the related question of S-wave pion condensation are 
addressed e.g. in refs.[6.31,6.32,6.33,6.41,6.60,6.61,6.62,6.63,6.64] (and references 
given therein). 

Finally, let us mention that a state of the art update can be found in the workshop 
proceedings [6.65] from which many more references can be traced back. 
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APPENDIX A: FEYNMAN-RULES 



Here, we wish to collect the pertinent Feynman rules which are needed to calculate 
tree and loop diagrams. In order to prarametrize the SU(2) matrix U in terms of 
pion fields we use the so-called sigma gauge U = ^1 - 7f2/F2 + if ■ n/F which IS more 
convenient than the exponential parametrization U — exp[if -tt/F]. For effective vertices 
involving 3 and more pions, the Feynman rules differ in the two parametrizations. Of 
course the complete S-matrix for a process with a certain number of on-shell external 
pions is the same in either parametrization. The parametrization dependence of matrix 
elements for off-shell pions signals that these are indeed non-unique in CHPT. Physically 
this is clear, since in order to calculate e.g. off-shell pion amplitudes, one has to know 
the exact pion field of QCD, not just some interpolating field. 

We use the following notation: 

/ Momentum of a pion or nucleon propagator. 

k Momentum of an external vector or axial source. 

q Momentum of an external pion. 

e Photon polarization vector. 

ca Polarization vector of an axial source. 

p Momentum of a nucleon in heavy mass formulation. 

and pion isopin indices are a, b, c, d, 3. Furthermore, is the nucleon four-velocity and 
Sf^ its covariant spin-vector. All parameters like Q = F, qa, m, . . . are meant to be taken 
in the chiral limit. We also give the orientation of momenta at the vertices, i.e. which 
are "in" -going or "out" -going. 

Vertices from 



{A.l) 



pion propagator: 

1 pion, pseudoscalar source: 
3 pions, pseudoscalar source: 
1 pion, axial source {k in): 
3 pions, axial source (all g's out): 

^eA ■ [5'^5^^(g2 + qs- Qi) + 5'''5--{qi + qs - Q2) + S'^S^'^iqi + q2 - qs)] {A.5) 



2iBF6''^ {A.2) 
{A.3) 
FS^'^SA ■ k {A.4) 
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2 pions, photon (gi in, q2 out): 

ee^^^-e . [q^ + q^) (^.6) 



4 pions, photon: 
2 pions, 2 photons: 
2 pions, scalar source: 
4 pion vertex (all g's in): 



{A.l) 



iS'^^Ml (yl.9) 



±^{5'^H''\q^ + q^f - Ml] + 5-'^5'^\q^ + gg)' - M^] + + 54)' - M^]} (^.10) 

Vertices from L^^lj 



nucleon propagator: 

1 pion (g out): 
photon: 

2 pions (gi in,g2 out): 
1 pion, 1 photon: 

3 pions (all g's out): 



{A.n) 



■ qr" {A.12) 

F 



'^il + T^)e-v (A13) 



2 



^ ^ • (gi + g2)e'^''V'^ (AM) 



4F2 



'-^e-Se'^^'r' (A.15) 



2F3 

2 pions, photon: 



4F2 
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3 pions, photon: 
axial source: 

1 pion, axial source: 

2 pions, axial source: 



{A.18) 
igAS-eAT' {A.19) 



^SA-ve^'^r^ (A20) 



■ eAiS^^r"" + S^^t" - 25'"'t^) {A.21) 



Vertices from 

+ (C2 - ^)(v ■ uf + C3« ■ « + (C4 + T^-jlS", S-']n^u^ (^.22) 
8m 4m 

+ ^5 IV (x+) - S^] ((1 + + ^(«. - TV (/+ )) }iy 

with x+ = X+ ~ (1/2) Tr x+ (this term is only non-vanishing for ruu 7^ m^). All parame- 
ters, qa: iTi, Ci, Ks,v Sive Understood as the ones in the chiral limit. = F^^u+uF^j^u^ 
with F^j)^ the field strength tensor corresponding to external (isovector) left/right vec- 
tor sources (isovector photon, W and Z boson). The external vector source in is 
understood to have also an isoscalar component (isoscalar photon). Here, we will use 
the (Coulomb) gauge e • f = for the photon. The first three terms in jC^^^ stem from 
the 1/m expansion of the chiral nucleon Dirac lagrangian. They have no counter part in 
the relativistic theory, i.e. no bilinears form involving 7-matrices. Their coefficients are 
fixed in terms of the lowest order parameters and nucleon mass m. The other terms in- 
volving the new low-energy constants come from the most general relativistic lagrangian 
at order (see ref.[3.6]) after translation into the heavy mass formalism. One observes, 
that there is some overlap between the two types of terms at order g^, namely in the 
{v ■ uY and [S^ S^]unUy terms and the magnetic moment couplings. The low-energy 
constants cq and C7 which are discussed in sections three and four are related to the 
anomalous magnetic moments of the nucleon (in the chiral limit) via 

C6 = K„, C'j=^{k8-ky) . (^.23) 
The pertinent Feynman insertions read (pi is always ingoing and p2 outgoing): 
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nucleon propagator: 

2 photons: 

1 pion (q out): 



2m 



(yl.24) 



2m 

9A 



2 

(1 + T^)e' • e (yl.25) 



2mF 



S ■ (pi + P2)v ■ qT"" (A26) 



1 photon {k in): 

(1 + t3)6 • (pi + P2) + • 6, 5 • /C] (1 + ^« + (1 + ^„)t3) (^.27) 

4m 2m 



1 pion, 1 photon (g out): 



""^^ 5 • e^; • g(T" + 5"^) (A.28) 



2mF 

2 pions (gi in, g2 out): 

[-4ci1M2 + (2c2 - f^)^; • gi^; • g2 + 2c3gi • ga] 



^2 L >- TT . V ^ 

1 

8mF2' 



+ [(^'i + ^^2) ■ (gi + g2) - • {pi + P2)v ■ (gi + g2)] (A.29) 



3 pions (all g's out): 



4mF3 ^"^^^^ ' ^^^"^ ' ^^^^ ^ + ■ g2'S' • (gs - gi) + w • ga^ • (gi - g2)] 

S ■ (pi +p2)[r''5^''v ■ (g2 + gs) + t^5''% ■ (gi + ga) + t=5«^ • (gi + g2)] 



(yl.30) 



4mF3 

2 pions, 1 photon (gi in, g2 out) 



-^{2(1 + ^„)[5 .e,S-k] + e- {pi+P2)]{t''5^^ + t''(5«3 - 2tH'^^) 

2mF2 (^3^) 

+ • {qi + g2)6'^'''^(T^ + 5^^) + 2cs^e-^'e ■ {q^ + g2) 

3 pions, 1 photon (all g's out): 

■£^S ■ e[2S''^S'% ■ (g2 + ga - qi) + 25''^''% ■ (gi + ga - g2) + 26^^6''% ■ (gi + g2 - ga) 
+ t'^S'^'v ■ (g2 + ga) + t'S"'^ ■ (gi + ga) + t^5"^ • (gi + g2)] 

{A.32) 
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2 pions, 2 photons: 



' .axbS I ^bxaS , nxaSxbS nxabr-i , _3m , a-„ ^ J ^( xab ro3 r63^ 



axial source: 



-^2^^-(pi+P2)e^-^r'' (A34) 



1 pion, axial source [fi out): 



AmF ' ^ " F 



+ j{2c2 - • t;^; • g + ^(1 + °k,)[S ■eA,S- /cje^^^r^ (A.35) 



APPENDIX B: LOOP FUNCTIONS 

Here, we will define many of the loop functions which frequently occur in our 
calculations and we will give these functions in closed analytical form as far as possible. 
Divergent loop functions are regularized via dimensional regularization and expanded 
around d = 4 space-time dimensions. In the following all propagators are understood to 
have an infinitesimal negative imaginary part. 



A 



with 



L 



A 



d-4 



167r2 



1 



d-4: 2 



{jE — 1 — ln47r) 



(S.3) 



containing a pole in d = 4 and = 0.557215.... The scale A is introduced in dimensional 
regularization. 

Muj) = -4Luj + ^ (^1 - 21n ^ j - ^ v^Ml^^arccos ^ + - 4) (S.5) 
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Ji(a;) = a;Jo(a;) + A^, J2(a;) 



1 



d-1 



{B.6) 
{B.7) 



1 f cin {i^i^^iM 

i J {2tiY V l{v I - uj){M^ - 



Using the identity 



1 



{VQ{u),v^fi{u),g^J:2{i^) + v^v,f^{uj)} {B.8) 

(S.9) 
(S.IO) 



V ■ l{v ■ I — LU) LO \V ■ I — LO V-l 



ri{uj)=-[Jiiuj)-Ji{0)], (z = 0,l,2,3) 



{1) Ifll Ifilu} 



I J {2TTY{vl-uf{M^-P) 
Using the identity 



{Gq{u), v^Gi{u), g^M2{^) + v^v^G^{u)] (S.ll) 



d 



(v • I — du> \v ■ I — UJ 



Giiou) = -^Jiioj), (i = 0,l,2,3) 



(5.12) 
(S.13) 



1 /• c^'^; 

i 



where co = v ■ k, = since we consider only real photons. 



70 (a;) 



1 



IGtt^o; 



TT + arcsm -^r^ \ arcsm 



(5.14) 



(5.15) 



The vector and tensor functions 7j (a;), j = 1, 2, 3, 4, 5, 6 can be obtained by the following 
procedure. One multiplies the defining equation with v thereby canceling a factor v ■ I 
or one multiplies by 2k and uses the identity 2k ■ I = (M^ — /^) — (M^ — (^ + ^)^)) for 
/c^ = 0. This leads to linear relation among the 7j(t<;), j 7^ where the right hand sides 
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are loop functions with fewer propagators. For illustration of the method, we give the 
explicit solution for the functions 7j(<^): 



71 (a;) 



u)^ arccos 



— - -M^-io 
2 



^2{uj) = -2L+:r^(l-2\n^]+ ^ 



A / 87r2 



TT 



2 - /m|^^ arccos ^ 



H ^ TT + arcsm — — arcsm — — 

327r2w V / 



uj^ arccos 



—u 
Ml 



74(0;) = 



1 



32A^ 



( TT+arcsin ) arcsin — 2ojy/ — uP- arccos yf"+'^^ 



Ml 



-UJ 
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(S.17) 



(5.18) 
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1 , TMf" 



-a; 



arccos 



a; 



TT + arcsm — — arcsm 



a; 



-a; 



a;^ arccos 



167r2 V" Ay/ 87r2 ^ 

From now on we give only the scalar loop functions for d — A. 

Hi I 



(S.20) 
(S.21) 



1 r dH 

1 J (27r)4 vl{v- 



l-uj){Ml-P){Ml-{l-kf) 
Using the same identity as for Viiuj) 

1 



{B.22) 



VLo{uj) = - [70 (w) - 70 (-'^)] = 022 arcsm- 



UJ 



dH 



1 



(27r)4^;./(M2-/2)2(^2_(/ + ^)2^ 



= Ao(^) 



Ao(a;) 



1 



327rM2w2 



- - a;2 



+ 



167r2M2a;2 



1 /• dH 



ij (27r)4(^;.Z)2(M2-P)(M2-(Z + /c)2) 



a; — •>/ M2 — a;2 arcsin 



a; 



1 



87r2a; 



(M^ - a;2)-^/2 arccos 



—UJ TT 



2M^ 



{B.22,) 

(S.24) 
(S.25) 
(5.26) 
(S.27) 
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1 r dH 1 

i J (27r)4 {v ■ IY{MI - /2)2(M2 - (/ + kY) ~ ^ ■'^^> 



(M^ -a;^)-^/^arccos 



—a; TT 



For the calculation of form factor we need 7j with v ■ k = but k^ = t ^ 0. 



(B.29) 



1 f drl 111 

-ij V • /(M,^ - pj(M^ - + fe)^) = ^oit),g,.^sit) + ... (5.30) 



73 (t) 



32tv 



(S.32) 



+ 77 arctan 



2 t / 2M^ 



The two loop function which enter the nucleon isovector Dirac from factor are: 

APPENDIX C: THE "AXIAL RADIUS DISCREPANCY" 

In the end of sect. IV. 4 we discussed pion electroproduction at threshold and found 
that chiral loops modify the LET of Nambu, Lurie and Shrauner. The conclusion was 
that an analysis of threshold charged pion electroproduction data in terms of soft pion 
theory (in order to link the measured cross sections to nucleon electromagnetic and axial 
form factors) does not lead to the nucleon mean square axial radius r\ itself but to a 
modified quantity f\ which subsumes the chiral loop corrections. For this " discrepancy" , 
f\ — r\^ the leading term which survives in the chiral limit is given in eq.(4.79). Numer- 
ically it is a -10% effect and allows to understand the systematic discrepancies between 
present (anti)neutrino experiments (which measure the true nucleon axial radius) and 
charged pion electroproduction experiments [4.76]. (Note that we are considering here 
exclusively small values of the momentum transfer /c^). 

Since the lowest order result of the discrepancy f\ — r\ is quite small, one should 
investigate higher order corrections (in \i = Mt^/ui) in order to see whether the numerical 
value of the leading order prediction is actually reliable. Such a complete next-to- 
leading order calculation has been done in ref.[4.91]. For that one has to go to order 
q"^ in the chiral expansion, which amounts to an evaluation of all one loop graphs with 
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(2) 

a single insertion from C\.]^ and possible counter terms. The latter were estimated 
from resonance exchange contributions, in the present case from p(770) and A(1232) 
exchange. 

The relevant observable to be studied is the transition matrix element for 7*p — > 
TT+n in the center of mass frame at threshold. Only the transverse part is of interest 
and it takes the form 

T-e = ■ eE{e) = 47r i (1 + /.) a • eEf^^,^, {C.l) 

The auxiliary quantity E{k'^) introduced here is proportional to the transverse threshold 
S-wave multipole for 7r"'"-electroproduction. In the chiral limit the corresponding current 
algebra result becomes exact and gives, when expanded in A;^, 



with 



the nucleon mean square axial radius and neutron magnetic moment in the chiral limit. 
Note that the axial mean square radius has no non-analytic piece ~ \/rfi in its quark 
mass expansion [4.91] (in contrast to the isovector magnetic moment). The aim is to 
work out all tree and loop graphs up to order which contribute to the slope terms 
E'{0) = dE{0)/dk'^ proportional to M° and/or M^. The quantity 6E'{0) is the sum of 
the mean square axial radius r\ and a host of other terms. Among these other terms the 
contributions from the relativistic Born graphs including electromagnetic form factors 
will not be counted for the axial radius discrepancy r\ — r\, since such effects are 
taken into account in the standard analysis of the pion electroproduction data. The 
discrepancy therefore subsumes (per definition) all additional loop (and counter term) 
effects which go beyond the form factors. Stated differently, the dicrepancy represents 
all those fc^-pieces which are missing in a tree calculation (with form factors) of E{k'^). 
After some lengthy calculation [4.91] one arrives at 

.2 2 3 / 12\ 3M^ 3c+(7r-4)M^ 

CA TV'?. \ _5 I a A TV'?, 



UF^\ ttV 64mF2 ?,2tiF^ 

The first term in (C.4) is the leading order result given already in eq.(4.79). The 
combination of low energy constants c"*" = — 8ci + 4c2 + 4c3 — g\/2m can be related to 
the isospin even ixN scattering length a"*" via c"*" = 8TTF^a~^ /M^. The last two terms in 
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(C.3) represent the counter term contributions at order which have been identified 
with p(770) and A(1232) exchange contributions, 

3(1 + Kp)M^ 



6^(0) = 



ml - m^m + ml _ ^^^^ ^ ^ ^ ^yz) -2m^{Y + Z + AY Z) 



mA — Tn 

(as) 

Here, ~ 6 stands for the tensor-to-vector ratio of the pNN couphngs and = (71 ^ 5 
is the 7A'"A couphng constant. The second 7A^A couphng g2 of eq.(4.39) does not 
contribute at order q^. The off-shell parameters Y, Z have been estimated roughly in 
ref.[4.32] as -0.75 <Y < 1.67 and -0.8 <Z< 0.3. For a numerical evaluation of (C.5) 
these ranges are much too large and they should be further constrained. The strategy of 
ref. [4.91] was to link them to some nucleon structure parameters. The off-shell parameter 
Y enters the A (1232) contribution to the proton magnetic polarizability 



2 *2 
i(A) e K 



= 



187rm^m^ 



m\ — mATU + m^ 



AY{m(Y + 1) + mA(2r + 1)) 



(C.6) 



mA — Tn 

Experimental determinations of this quantity in ref. [4.28] give a value of ^4^^ ~ 7-10-4 
fm^ corresponding to y ~ 0.12. It is clear that the wide range of Y mentioned above 
is inacceptably large, since it also leads to (absurd) negative magnetic polarizabilities 

SPp^^ . Furthermore the off-shell parameter Z of the tt A'^A -vertex has been constrained. 
The A (1232) gives a large contribution to the P-wave ttN scattering volume 033. In the 
isobar model (an approximation without the off-shell parameter Z) the experimental 
value 033 = 0.214/M^ is understood to come in equal shares from nucleon pole graphs 
and from A(1232) excitation. Using a fully relativistic treatment of the A (Rarita- 
Schwinger spinors) the maximal value of 033*^ = 0.185/M^ is obtained with Z ~ —0.3. 
These values of F = 0.12 and Z = —0.3 will now be used to evaluate (C.5). Putting all 
pieces together, one finds for the axial radius discrepancy 

f\-r\^ (-4.6 + (3.1 + 1.1 - 4.5) + (-7.2 + 8.0)) • 10"^ fm^ 

= (-4.6 + 0.5) • 10"2 fm^ ^^'^"^ 

The first term (-4.6) gives the leading order contribution and the others are the order 
H corrections. In (C.6) a'^ = —0.83 • 10~^/M7r and A = IGeV has been used. Although 
there is some numerical uncertainty in the order fi correction, one obverves that the 
individual loop and counter term contributions cancel each other to a large extent if 
one makes reasonable assumptions on the parameters involved. We stress that the 
individual terms at order /j, in (C.7) coming from certain classes of loop diagrams have 
no physical meaning, only the total sum counts. The latter tends to be quite small, 
similar to the sum of p and A contributions. In essence one concludes from this complete 
order calculation that no dramatic corrections to the leading order prediction of the 
discrepancy f\ — r\ are to be expected. It is now the task of future precision experiments 
(like TT^-electroproduction at low k'^ close to threshold and inverse /?-decay) to test the 
prediction of f\ — r\ presented here. 
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APPENDIX D: STEREOGRAPHIC COORDINATES 



In this appendix, we briefly summarize how one can use stereographic coordinates 
to parametrize the non-hnearly reahzed pion and matter fields. This formahsm is used 
extensively in section 5. The pions inhabit the three-sphere of radius F^r, 



^3- sow ^r>.l) 



S0(3) 

since SU(2)lX SV{2)r ~ S0(4) and SU(2)v ~ S0(3) (local isomorphisms). Embedding 
the sphere in euclidean space E'^ of cartesian coordinates (f) = {0a} = {4^, 4^4. = cr}, the 
sphere is defined via 

Three pion fields tt can be obtained by applying e.g. a four-rotation R{7r) {RR^ = 1) 
to the north pole, 

<i>am=Ra4{^)F^ . {D.3) 

In stereographic coordinates, one has 



with 



D 



The corresponding covariant derivative follows to be as given in eq.(5.1). It transforms 
linearly under the unbroken subgroup SU(2)y but highly non-linear under 811(2)^. Fur- 
thermore, it expresses the Goldstone boson character of the pions, i.e. their interactions 
vanish as the momentum transfer goes to zero. 

Explicit symmetry breaking can be included in the following way. Rewrite the mass 
term in two-flavor QCD as 

jO-rne^s = ~i'rnu + md){qq) -^{rnu-rnd){2qt3q) g=^^) . (^.6) 

The first term is the fourth component of the four-vector S = {2qi^^q, qq) and the 
second the third component of the S0(4) vector P = {—2qtq, qi'J^q) with opposite trans- 
formation properties under parity and time reversal. Both terms break chiral symmetry. 
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but only the second one breaks isospin (the invariant SO (3) subgroup does not affect 
the fourth component). In terms of the pion fields, one constructs 



which leads to the canonical pion mass term 

= -^M^Tf^ + constant = ~M^n^ + ... , {D.8) 

and the pion mass squared is proportional to (m„ + m^). 

To include the matter fields \E' = \E'Ar, . . ., one has to furnish a representation 
t^*^ of S0(3). For the nucleon, the corresponding 2x2 matrices are t^^^ =t— |t, with 
T the Pauli matrices. It is then most convenient to use a non-linear realization 

p \ 1 / . . t ■ TT 



where ^^jv transforms linearly under the chiral group. The pertinent covariant derivative 
is given in eq.(5.2). For the isobar, 



(i^.lO) 



A+ 



the construction is the same, only that the t^^^ = are hermitean 4x4 matrices. 

The covariant derivative reads 

p^A = (a^+?(3/2).^^)A , (i^.ii) 

with defined after eq.(5.2). Finally, one also needs the 2x4 spin (Si) and isospin 
(To) I — ^ I transition matrices satisfying 

SiSj' =-{26ij - isijko-k) , 

i {D.12) 

TaT^ =g((^a6 - i^abctc) ■ 
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